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Abstract 



We formulate a spectral problem related to the onset of superconductivity for a gen- 
eralized Ginzburg-Landau model, where the order parameter and the magnetic poten- 
tial are defined in the whole space. This model is devoted to the 'proximity effect' for 
a superconducting sample surrounded by a normal material. In the regime when the 
Ginzburg-Landau parameter (of the superconducting material) is large, we estimate the 
critical applied magnetic field for which the normal state will lose its stability, a result 
that has some roots in the physical literature. In some asymptotic situations, we recover 
results related to the 'standard' Ginzburg-Landau model, where we mention in particular 
the two-term expansion for the upper critical field obtained by Helffer-Pan. 
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1 Introduction and main results 



1.1 The generalized Ginzburg-Landau model 

It is predicted by the physicist de Gennes [THJ [E] that the presence of a normal material 
exterior to a superconductor will push the superconducting electron Cooper pairs to flow 
through the normal material and to penetrate significatively over a band of length -r, called 
the 'extrapolation length'. To understand this phenomenon, which is called by de Gennes the 
'proximity effect', one has to consider a generalized Ginzburg-Landau theory where the order 
parameter and the magnetic potential are both defined in the whole space. 
In the Ginzburg-Landau theory (cf. [22]), the superconducting properties are described by 
a complex valued wave function ip, called the 'order parameter', and a real vector field A, 
called the 'magnetic potential'. The pair (ip,A) has the following physical interpretation : 
\ip\ 2 measures the density of the electron Cooper pairs (in particular, ip = corresponds to a 
normal state) and curlj4 measures the induced magnetic field in the sample. For cylindrical 
superconductors with infinite height and placed in an applied magnetic field parallel to the 
axis of the cylinder, it is sufficient to define the pair (ip, A) on R 2 (i.e. on the 2-D cross section). 
The system is in equilibrium when the pair (ifj,A) minimizes the 'Gibbs free energy'. 
After a proper scaling, the 'Gibbs free energy' has the following form (cf. [12j) : 

ty,A)»g{1,,A)= I {^V KHA M 2 +ZkM 2 + P^\M A + (KH)\xu\A-l\ 2 Xdx, 
Jm.2 [m 2 J 

(1.1) 

where we use the notation, 

V,W = (V - iKHA)ij>. (1.2) 

The functional (II. lh depends on many parameters : k > is a temperature independent pa- 
rameter called the 'Ginzburg-Landau parameter' (it is a characteristic of the superconducting 
material), H > is the intensity of the constant applied magnetic field, m,o, (3 are functions 
defined in K 2 and are depending on the material, temperature, etc. Typically, the function a 
depends on the temperature T in the following way : 

a*(T-T c ), 

where T c is the critical temperature. As in [12J, we take the functions m,a, (3 in the following 
form : 

~ _ J 1, in Q „ _ J -1, in Q ~ _ f 1, in O . . 

m ~\m,mR 2 \n a ~\a,mR 2 \n P ~ \ 0, in M 2 \ ft. (6) 

Here fi C M 2 is assumed to be open, bounded and simply connected, and a, m are positive 
constants. Typically, corresponds to a superconducting materiaQ (i.e. below its critical 
temperature) surrounded by a normal material (i.e. above its critical temperature). 
If (i,A) G -f^ocO^ 2 ; C) x i^QR 2 ;^ 2 ) is a critical point of Q, then the following condition 
holds for any (4>,B) G C^°{R 2 ;C) x C$°(R 2 ;R 2 ), 

[ ( 4*R (V,W • V kHA J) - ^S-B ■ 9 ($V KH ATp) + (kH) 2 cut1A ■ cwW) dx 
= (kH) 2 $ ( [ (1 - \%l)\ 2 )i4>dx -a ( if^dx 



x We emphasize here that the Ginzburg-Landau parameter n is determined only by the material in fl. 



Thus, (ip, A) is a weak-solution of the following system of equations, which we call 'generalized 
Ginzburg-Landau equations', 

' -V^ = ( Kj ff) 2 (l-|Vf)^, mJ2, 
curl 2 ,4 = (ipV K HAip) , in n, 

-^v 2 ^ + «(^) 2 V> = o, inn c , 

(1-4) 

curl 2 ,4 = m (l H j 5 {i>y K HA^) , in O c , 

t$ {u ■ v,w} = ir^ {v ■ v,w> , = t^, 

k 7™ (curl A) = T$ (curlA ) , ^ (A) = 7|* (A) on 50. 

In the above equations, v is the unit outward normal vector of <90. We use the notations Tqq 
and Tqq to denote, respectively, the 'interior' and the 'exterior' trace on 90 : 

Although an increasing number of mathematicians become interested in the problems arising 
from superconductivity, very few attention is paid to the functional (|l.ip . In the former 
literature, the authors are either concerned with the minimization of an energy functional 
denned only in O (cf. (|1.2ip ). or they replace the energy of the normal material by a boundary 
term (cf. (|1.20l) ). We mention here for instance the works of Bernoff-Sternberg [7], Baumann- 
Phillips-Tang gj], Lu-Pan [S], Helffer-Morame [21], Helffer-Pan [2S], Fournais-Helffer [T7] 
and Kachmar [31J. Other 'generalized' energy functionals similar to and that models 

'inhomogeneous' superconducting samples were also analyzed previously, see for instance OH] 
and the references therein. The inhomogeneity there is only due to variations of the 'critical 
temperature' within the sample (i.e. m = 1 and a varies), and the authors were mainly 
concerned with the analysis of 'pinning effects', that is, roughly speaking, the attraction of 
vortices towards the less superconducting regions (unlike our situation where we are concerned 
with the analysis of the onset of superconductivity). 

Perhaps it is in [12] that the functional (jl.ip is first introduced in the mathematical literature, 
but the analysis there seems to remain at a formal level. Recently, a rigorous analysis of the 
functional (jl.ip has been carried out by Giorgi [20]. Among other things, the author proves 
the existence of minimizers for (jl.lj) in a suitable functional space (related to the analysis of 
Laplace's equation in M 2 , see [3]), the existence of normal states and of an upper critical field. 
By a normal state we mean a solution of (|1.4p of the form (0, F). In our situation, we can 
choose F in the following canonical way : 

F(xi, x 2 ) = -(-x 2 ,xi), V(xi, x 2 ) € M 2 , 
and we notice that F satisfies : 

curlF = l, divF = 0, in M 2 . 
With the above property, the vector field F is unique up to a gauge transformation (cf. |20J). 



1.2 Statement of the results 

A normal state is said to be stabl^l if it is a local minimum of (jl.ljl . The Hessian of (II. ip at 
the normal state (0, F) is given by : 

E 3 (4>, B) i — ► 2Q[k, H] ((p) + 2(kH) 2 [ \cuA B\ 2 dx, 

where the quadratic form Q[k, H] is defined by : 

Q[k,H)(<I>) = [ {\V KHF 0\ 2 -K 2 \^\ 2 )dx+ [ (-\V KHF 4>\ 2 + aK 2 \0\ 2 )dx. (1.5) 
Jq Jn c \ m J 

Thus, for (0, F) to be stable, a necessary condition is to have : 

Q[K,H](<t>)>o, y<penl HF (R 2 ), 

where, given a vector field A and an open set U C M 2 , the space 7i\(U) is defined by, 

H\{U) = {u G L 2 (U); V A ueL 2 (U)}. (1.6) 

By Friedrich's Theorem, the quadratic form (jl.5|) defines a self-adjoint operatoJl, the bottom 
of its spectrum is given by : 

^ >{k,H) = mf . (1.7) 

In terms of (|1.7|) . we define the following 'local' upper critical field, 

H Ca (a,m;K) = inf{F > 0; /u (1) (k, H) > 0}. (1.8) 

Below Hq 3 , normal states will loose their stability. Our aim is to estimate Hc 3 as k — > +oo. 
It could be more convenient to use the notation H 1 ^ rather than that in 1|1.8|) . However, there 
are many reasonable definitions of the upper critical field all of which are proved to coincide 
for a 'standard' model and when the Ginzburg-Landau parameter k is sufficiently large (cf. 
[m[T7]). We have chosen the definition of the upper critical field in (|1.8|) because its analysis 
is actually purely spectral. We hope to verify in the near future that even for this model, 
other definitions of the upper critical field will coincide with the definition given in (|1.8p . 

We state now our main results. 

Theorem 1.1. There exists a function a : ]0, +oo[x]0, +oo[^ ]0 , 1] such that, given a, m > 
0, the upper critical field satisfies, 

H Ca (a,m;K)= K (1 + o(l)) , (k -> +oo). (1.9) 
a{a, m) 

Here ©o S]0, 1[ is a universal constant. 



2 Our definition of stability is actually that of 'local stability', but in the regime considered in this paper, 
we expect that 'stability' and 'local stability' of normal states will coincide. 

3 This is a linear elliptic operator with discontinuous coefficients. The theory of such operators is well 
treated, see [40J for example. 



Compared with the former literature ([25j EU and references therein]), we observe that 
the value of the upper critical field can be strongly modified. It is well known to physicists 
that the upper critical field for type II superconductors is strongly dependent on the type of 
the material placed adjacent to the superconductor (cf. [26]). 

To prove Theorem ll.il we need various estimates on the bottom of the spectrum ^'(k, H) in 
the regime n, H — ► +00 (cf. (|1.7p ). Eigenvalue asymptotics for linear elliptic operators with 
discontinuous coefficients arise in other contexts (cf. [27]), but here the problem is different. 
We follow the technique of Helffer-Morame [24] by analyzing the model case when 0, = R x R + 
is the half-plane. Actually, let us consider the quadratic form, 

K HAq (M. 2 ) 3 ^ QnxR+foff] (1-10) 

where 

QnxR + W,H](4>)= [ (\{V kHA J\ 2 -K 2 \<P\ 2 )dx+ [ ( -\V kH a (/>\ 2 + aK 2 \(j)\ 2 ) dx, 

and the magnetic potential Aq is defined by : 

A ( Xl ,x 2 ) = (-ar 2 ,0), V(x 1 , x 2 ) G R x R. (1.11) 

We denote by 

^)(a;txR + )= mf gW^gM , (L12) 

Performing the scaling t = (kH) 1 / 2 X2 and z = (kH^^xi, we get with a = k/H, 

/i (1) (K,#;R x R + ) = kH 0(a,m,a). (1.13) 



Here f3(a,m,a) is the bottom of the spectrum of the self-adjoint operator associated to the 
quadratic form 

which is defined by, 



TiV^R 2 ) 3 v ^ Q[a,m,a]{v), 



Q[a,m,a](v) = / (\d t v\ 2 + \(t - id z )v\ 2 - a\v\ 2 ) dtdz (1.14) 
./t>o 

+ J (m D^P + K*-* 9 *)"! 2 ] + a «k! 2 ) drdz. 

We define a(a, m) as the solution, which will be shown to exist uniquely in Theorem 13.71 
of the equation f3(a,m,a) = 0. Notice that this will correspond to the magnetic field 
H = K/[a(a,m)] that satisfies ^\k,H;R x R + ) = 0. 

In the next theorem, we describe the behavior of the function a. 

Theorem 1.2. Given a > 0, the function m *—> a(a,m) is strictly decreasing, a(a,m) = 1 if 
m < 1, @o < a(a,m) < 1 ifm>l, and 

lim a(a, m) = l. (1-15) 

Moreover, a(a, m) has the following asymptotic expansion as m tends to 00 : 



where C\ > is a universal constant. 



a(a,m) = 0o H 7= h O — , (1.161 

\m J 



Let us mention that the universal constants 60 and C\ are defined via auxiliary spec- 
tral problems (cf. (|2.13|) and (|2.14B ) and were already present in the analysis of the 'stan- 
dard model', see however [BJ [7J ESJ EU El| (@o is indeed the bottom of the spectrum of the 
Neumann realization of the Schrodinger operator with constant magnetic field in M. x 
Numerically (37j[8], one finds that Go ~ 0.59. Theorem 11.21 proves the validity regime of the 
results of [26J. 

For sufficiently large values of the parameter m, we are able to obtain a two-term asymp- 
totic expansion of the upper critical field, where the scalar curvature plays a major role. 

Theorem 1.3. Given a > 0, there exist a constant niQ > 1 and a function 

C\(a, •) : [m ,+oo[^M + 

such that, if m > verifies m > mo, then the upper critical field satisfies, 

Hc 3 {a,m\K)= , K + Cl ^' "!i 9 (/t r ) max + (V 1 / 3 ) , asK^+oo, (1.17) 
a{a,m) a (a,mf /2 v ' 

where k x denotes the scalar curvature of dQ. 

Let us explain what stands behind the statement of Theorem 11.31 As in |33j, we look for 
a formal eigenfunction corresponding to the eigenvalue (|1.12l) in the form : 

v(x 1 ,x 2 ) = exp (-i( (KH) 1/2 x^ f ((kH) 1/2 x 2 ^J , (x u x 2 ) £lxK, (1.18) 

that is, we ask for Co G K and / G H 1 ^) D L 2 (R; r 2 dr) such that 

/ (l^/| 2 + |(t + Co)/| 2 -a|/| 2 )dr 
Jt>o 

+ I (~ [\dtf\ 2 + \(t + Co)/| 2 ] + aa|/| 2 ) dr = 0. 
Jt<o \ m J 

The existence of Co occurs only when m > 1 (cf. Theorem 13. 5|) . and, unlike the case of [2^1133] . 
the uniqueness of Co is not obvious. We are able to obtain uniqueness of Co only in the regime 
m — > +00, which explains why the conclusion of Theorem 11.31 is limited to sufficiently large 
values of m. However, we believe that that this restriction is technical and we conjecture that 
the function C\(a, ■) can be extended to ]l,mo] so that the asymptotic expansion (I1.17P will 
hold for any m > 1. 

Remark 1.4. 

1. In the regime m — > +00, Theorems li.il and \l.S\ give, to a first order approximation, the 
same behavior as in \3J$ . This was predicted by the formal computations of fltty - 

2. Let us note that the function C\(-, •) satisfied 

lim Ci(a, m) = (1 + 6a©g)Ci, 

m— »+oo 

so we recover, for a = and m = +00 in $1.17)) . the two-term asymptotic expansion of 
Helffer-Pan fSJJj . 

4 This will follow from Proposition 13.6} the expression of Ci (cf. I|7.17p and l|4.10p ) and the asymptotic 
behavior as rn — ► +00 (cf. Proposition 13. 10p . 



Remark 1.5. 



1. It would be desirable to remove the hypothesis of smoothness of the boundary dVl. As 
in /3 rny . one can perhaps consider a piecewise smooth domain. 

2. After having obtained Theorems 1 1. 1W 1.3\ we have learned about the existence of [21], 
where the authors deal only with the one- dimensional case. 



1.3 Comparison with the de Gennes model 



The physicist de Gennes [18] proposes to model the proximity effect by means of a 'Robin 
type' boundary condition. He assumes that the order parameter satisfies, 



v ■ (V — iKHA)ifj + 7(k; x)ip = on dQ, 



(1.19) 



and that this condition permits one to ignore the behavior of ip outside Q. The function 
7(k; •) is supposed to be smooth and is called (when it is constant) the de Gennes parameter. 
In this case, one has to replace the energy (jl.lj) by : 

H\Q;C) x H 1 ^ 2 ) B ^ Sty, A) = G s (ip,A) + / j(k; x)\^(x)\ 2 d^ gn {x), (1.20) 

Jan 



where Q s is defined by : 

g s (^,A) = J\ 



V,W| 2 ~ K 2 |Vf + y M 4 + (kH) 2 \cut1A - 1| 2 } dx. 



[1.21) 



Let us take j(k; x) = k s jq with 5 > and 70 £ M. We can define an upper critical field 
Hc 3 (5,jo; k) as before (i.e. below Hc 3 , normal states will loose their stability). In the next 
theorem, we give a first order approximation of Hc 3 (S,jq;k). 

Theorem 1.6. There exists a strictly increasing function R 3 7 1— ► 0(7) such that, as 
n — » +00, we have the following asymptotics : 



3-(l + °(l)) 



e( 7 o -%o)) 



ft, 



if < 6 < 1 or if 70 = 0; 
(l + o(l)), if 5 = 1; 

if S > 1 and 70 > 0; 
if 5 > 1 and 70 < 0. 



(1-22) 



.25-1 



Here ^(70) is the unique solution of the implicit equation 

0(70 • *(7o)) = Klo) 2 

and tjq is the unique zero of &(■). 

For a precise definition of the function ©(•), see (|2.8I) . In particular, we have 0(0) = ©o- 
The existence of the function £(■) is proved in Lemma lA.2[ 



Remark 1.7. Let us consider the case of Theorem \l.l\ when m > 1. In this case, a(a,m) £ 
]@o,l[ (cf. Theorem \l.$f\) . and there exists a unique ^y(a,m) > such that 



a (a, to) = (7 (a, to)) . 

Then by putting, 

7 (a, to) r - 

7o = ^===, «(7o) = Va{a,m), 
\J a (a, to) 

we get, 

H Cs (a,m;K) = — -— — - (1 + o(l)) , as n -> +00. 

H(7o • «(7o)) 

Therefore, the result of Theorem li.il corresponds to the following boundary condition 

v ■ (V — iKHA)tp + ^70^ = 0, on 90. 

Remark 1.8. In Theorem \1.6[ ifO < S < 1, one can s£i// obtain an asymptotic expansion of 
Hc 3 (S, 70 ; k) involving the scalar curvature (cf. ]2h\ \30\j ). 

Remark 11.71 suggests that one can replace the spectral problem (ll,5j) - (ll.7|) by a suitable 
problem in Q (with some de Gennes boundary condition) having the same ground state ener- 
gies and whose ground states coincide in However, as the case of the half-plane model will 
show, this will not be the case and the best one can hope is the convergence of the ground 
state energies. 

Actually, if this were the case for the half-plane, i.e. there exists Co = Co(o, to) G E such that 
the function v given by (j!.18|) is an eigenfunction of <jl.10n - fll.12jt and satisfies the boundary 
condition: 

d X2 v = 7o(°) m ) v ° n 9M x R + , 

then we get that (o(a, to) = £(7(0, to)) , where 70 (a, to) and 7(0, to) are given by Remark [1.71 
and £(•) will be defined in (|2.10l) . On the other hand, by the discussion in Subsection 13.41 and 
in particular Proposition 13.141 we get that 



lim \fm(^Q(a, to) - £(7(0, to))^ > 0, 



m— ++oc 

which shows that it is impossible for the ground state to satisfy the boundary condition 
corresponding to the right value of the ground state energy. 

One should also mention in this direction the result for the nonlinear problem obtained recently 
in |28J, where the author proves that for the case without magnetic field, H = 0, all minimizers 
of (II. ip are gauge equivalent to a real phase (u K , 0) that satisfies as n — » +00 : 



V 2m 

When compared with Theorems 11.21 [L6l and Remark [1.71 we get, especially for to = 1, that for 
each regime of the applied magnetic field one should associate a different de Gennes bound- 
ary condition. The physical interpretation is that the penetration length, which de Gennes 
measures in terms of his parameter in the boundary condition, is strongly dependent on the 
applied magnetic field (as predicted in [T5]). 



1.4 Organization of the paper 

In Section [2j we recall auxiliary material that we shall use frequently in the paper. The 
analysis of the model problem (|1.10|) leads in Section [3] to the spectral analysis of a family of 
ordinary differential operators. We obtain by elementary arguments most of the properties 
announced in Theorem ll.2l and we complete its proof by a fine asymptotic analysis when the 
parameter m is large. 

In Section HI we analyze a 'refined' family of model operators, whose study is essential for the 
proof of Theorem 11.31 

In Section [SJ we establish a simpler formula of the upper critical field. Using the results of 
Section [31 we are able to follow a similar analysis to [24] for estimating the bottom of the 
spectrum //^(re, H) and we give a proof of Theorem 11.11 

Since the variational problem (II. 7|) is over the whole plane IR 2 , minimizers do not always exist. 
In Section El we establish using Persson's Lemma [35] the existence of minimizers to (11.71) 
when the intensity of the magnetic field H is near Hc 3 ■ We prove also by using the technique 
of Agmon estimates [1] that the minimizers of (|1.7p decay exponentially fast away from the 
boundary dfl. 

We are now ready in Section [7] to imitate the analysis of Helffer-Morame [2U Section 11] and 
to derive a two term-asymptotic expansion of (J,^(k, H) and we use it to prove Theorem 11.31 
Finally, in Appendix [A] we give a proof for the asymptotics announced in Theorem 11.61 



2 Auxiliary material 

2.1 A family of ordinary differential operators. 

The analysis of a canonical operator in the half-plane M x M + with deGennes boundary 
condition leads us naturally to a family of ordinary differential operators (cf. [30]). Given 
(7,£) S 1 x M, we define the quadratic form, 

B 1 (m + )3u^q[ 1 ,Z](u)= [ (\ u '(t)\ 2 + \(t-Ou(t)\ 2 )dt + 7 \u(0)\\ (2.1) 



where, for a positive integer k S N and a given interval ICR, the space B k (I) is defined by : 

B k (I) = {ueH k (I); t j u{t) G L 2 (I), Vj = 1, • • • , k}. (2.2) 

By Friedrichs' Theorem, we can associate to the quadratic form (12.1(1 a self adjoint operator 
£[7, £] with domain, 

£>(£[ 7 ,£]) = {u € B 2 (R + ); u'(Q) = 7 u(0)}, 

and associated to the differential operator, 

C[l,i] = -d 2 + (t-t) 2 . (2.3) 

We denote by {Xj("f, ^ ne increasing sequence of eigenvalues of £[7, £]. When 7 = we 

write, 

Af(O:=A,(0,O, VjGN, C N [£]:=£[0,Z]. (2.4) 
We also denote by {\f (0}j=i the 

increasing sequence of eigenvalues of the Dirichlet realiza- 
tion of -d 2 t + (t - O 2 . 
By the min-max principle, we have, 

A l(7 , = W |tj^M.. (2.5) 



Let us denote by ip^^ the positive (and L 2 -normalized) first eigenfunction of £[7, £]. It is 
proved in [30] that the functions 

(7, -> Ai( 7 , £), (7, £) -» v 7> e e ^ 2 (k+) 

are regular (i.e. of class C°°), and we have the following formulas, 

^Ai( 7 ,0 = " (Ai(7,0 -e + 1 2 ) l^ 7 , ? (0)| 2 , (2.6) 
5 7 A 1 ( 7 ,0 = I^(°)| 2 - (2-7) 

Notice that (12. 7|) will yield that the function 

is also regular of class C°°. 
We define the function : 

e( 7 ) = jnf Ai(7,0- (2-8) 



It is a result of [14] that there exists a unique £(7) > such that, 

e(7)=Ai( 7 ,£(7)), (2.9) 

and £(7) satisfies (cf. [30]). 

£( 7 ) 2 = e( 7 )+7 2 - (2.10) 
Moreover, the function 6(7) is of class C°° and satisfies, 

©'(7) = K(0)| 2 , (2.11) 
where ip-y is the positive (and L 2 -normalized) eigenfunction associated to 6(7) : 

^7 = ^7^(7). (2-12) 

When 7 = 0, we write, 

©0 := ©(0), £0 := £(0). (2.13) 
We define also the universal constant C\ by, 

Cl := ^1 (2.14) 

Another important fact is the following consequence of standard Sturm-Liouville theory. 
Lemma 2.1. For any £ 6 M, we have, 

A^(£) > A? (£). 

2.2 Boundary Coordinates 

We recall now the definition of the standard coordinates that straightens a portion of the 
boundary dVt,. Given to > 0, let us introduce the following neighborhood of the boundary, 



M k) = {x € M 2 ; dist(x, dfl) < t }. 



(2.15) 



As the boundary is smooth, let se]- ^^-] i— > M(s) G 30 be a regular parametrization 
of 30 that satisfies : 

s is the oriented 'arc length' between M(0) and M(s). 
T(s) := M'(s) is a unit tangent vector to 30 at the point M(s). 
The orientation is positive, i.e. det(T(s), v(s)) = 1. 

We recall that is the unit outward normal of 30 at the point M(s). The scalar curvature 
k t is now defined by : 

T'(s) = k t (s)u(s). (2.16) 
When to is sufficiently small, the map : 

$ :] - |0fi|/2,|0fi|/2]x] -t ,*o[3 (s,t)^M(s)-tp(s)eN t0 , (2.17) 

is a diffeomorphism. For x G Mt , we write, 

*-\x) := (s(x),t(x)), (2.18) 

where 

t(x) = dist(x, 30) if x G O and i(x) = — dist(x, 30) if x G" 0. 
The jacobian of the transformation $ _1 is equal to, 

a(s, t) = det (D®- 1 ) = 1 - i/s^s). (2.19) 

To a vector field A = (A±, A 2 ) G H 1 ^ 2 ; M. 2 ), we associate the vector field 

A = (Ai,A 2 ) G H l (\ - |30|/2, |30|/2]x] - t ,*o[;^ 2 ) 

by the following relations : 

A^, t) = (1 - tK T (s))A{<$>(s, t)) ■ M'(s), A 2 {s, t) = A(<f>{s, t)) ■ u(s). (2.20) 

We get then the following change of variable formulas. 

Proposition 2.2. Let u G H\{E?) be supported in Mt - Writing u(s,t) = u(&(s,t)), then we 
have : 

\an\ t 

I |(V - iA)u\ 2 dx = [ 2 I \\(d a - iAi)u\ 2 + a~ 2 \(dt - iA 2 )u\ 2 ] adsdt, (2.21) 
Jn ' J-^Jo 1 1 

/ |(V - iA)u\ 2 dx = / 2 / \\{d s -i!i)S| 2 + a~ 2 \(d t - iA 2 )u\ 2 ] adsdt, (2.22) 
Jn- j-im J_ to L J 



and 



I an I 

P*0 



/ Hx)| 2 dx = / 2 / |u(s,t)| 2 adsdt. (2.23) 

Jr 2 J-\mj- t[) 

We have also the relation : 

(3c! ^2 — d X2 A\) dx\ A = (d s A 2 — dtA^j a~ 1 ds A dt, 

which gives, 

curl (a . ljX2 ) A = (1 - tK r (s)) _1 curl (S)t ) i. 
We give in the next proposition a standard choice of gauge. 



Proposition 2.3. Consider a vector field A = (A 1 ,A 2 ) G Ci oc (M. 2 ; M 2 ) such that 

curlvl = l inR 2 . 

For each point xo G d£l, there exist a neighborhood V xo C Mt Q of xo and a smooth real-valued 
function <fr Xo such that the vector field A new := A — V0 X - O satisfies in V Xo : 

A 2 new = 0, (2.24) 

and, 

A 1 new = -t(l- t -K I (s)\ (2.25) 

with A new = (A\ ew , ^4 2 eui ). 

2.3 The Neumann and Dirichlet magnetic Schrodinger operators 

Let us consider the differential operator, 

V £ = -(V-£- 2 F) 2 , 

where e is a small parameter. Given a domain U C I 2 , we denote by V^y and V® v the 
Neumann and Dirichlet realizations of V e in U respectively. Then we introduce : 

V N (e; U) = inf Sp [V^ v ) , fj, D (e; U) = inf Sp (V°u) . (2.26) 

We recall the following result of [24]. 



Proposition 2.4. Given a domain U C M 2 with compact and smooth boundary, there exist 
constants C,£o > such that, «/curlF = 1 in U , then we have for any e G]0, £q\, 

£- 2 < fi D (e; U) < £- 2 + Ce~ 2 exp , (2.27) 

\n N (e; U) - e £' 2 \ < Ce- 1 . (2.28) 
We define the quadratic form, 

H\-^{U) Bu^ q eiF)U (u) = ||(V - i£- 2 F)u\\ 2 L2{u) . (2.29) 
Proposition 2.5. Suppose that U has a smooth compact boundary and that curlF = 1 in U. 

1. Ifue C^{U), then 

qe,F,u(u) > £~ 2 \\u\\ 2 L2{u) . (2.30) 

2. Given a point zq G dU, suppose that there exists a function (fro G C 2 (U) and a constant 
Co that depends only on U such that, upon putting, 

F new = F + V(fro, 

we have in boundary coordinates, 

F new (s,t) — Ao(s,t) < Cot 2 , in a neighborhood of Zq, 



where F new is associated to F new by the relation \2. 20\) . and the magnetic potential Aq 
is defined by 

A (s, t) = (-i, 0), V(s, t)elx R + . 
Then there exist constants C, eo > depending only on U, such that, for all 

(o,p,6>0, ee]0,e ], uenl- 2r (U), suppu C D(z ,(oe p ), 

we have, 

Qe,F,u(u) > (l- CCqE p - Ce 2e ^j q £ ,A ,RxR+ ^exp f _i pf J ^) ( 2 - 31 ) 

_ r 4/5-20-4||~||2 

where the function u is defined by means of the change of variables (cf. h2.11\) ). 

u(s,t) = u((f>(s,t)) . 

The lower bound (|2.3Q|) is well-known (cf. [5]) and is easy to prove in our case. The 
estimate (|2.31l) is essentially obtained in [24l P- 16]. The proof consists actually of writing 
the quadratic form q E ,F,u m the coordinate system (s,t), then doing a gauge transformation 
that permits one to work with F new which can be approximated by the 'canonical' magnetic 
potential Aq, and finally of applying a Cauchy-Schwarz inequality. 

Finally we recall the definition of a useful 'scaled' partition of unity of M 2 attached to a 
covering by balls of radius (q£ p - 

Proposition 2.6. Let < p < 2 and Eo > 0. There exist a constant C > and a partition 
of unity Xj of M 2 such that with, 



we have, 



Xj(x) ■= Xj ( ^— - ) , e e]0,e o ] and Co > 0, 



X>, £ | 2 = 1, (2-32) 

j 

^2\Vx e j\ 2 <C( 2 e- 2p , (2.33) 

j 

„, , , , f either supp y £ - n cT2 = 0, 

supp X , £ C £>(4Coe p ) and | Qr £ ™ K > (2.34) 

Moreover, we have the following decomposition formula, 

Vu G Hl- 2F (U), q £ ,F,u(u) = ?e,F,i; " X] II \ V X £ M\l2(u) ' ( 2 - 35 ) 

i j 

where U is either £1 or Q C . 

Formula (|2.35l) is called in other contexts the IMS formula, see however |13j . 



3 Analysis of the canonical 'interface' operator 

The analysis of the half-plane model operator associated with the quadratic form (jl.lOp leads 
us to the analysis of a family of ordinary differential operators (This is by performing a partial 
Fourier transformation with respect to the second variable z). 



3.1 Notations and preliminaries 

Given a, m, a > and (eM, let us define the quadratic form : 

B 1 (R) 3 Q[a,m,a;£](v), 

where : 

Q[a,m,a;£\(u) = [ (\u' (t)\ 2 + \(t - ()u(t)\ 2 - a\u(t)\ 2 ) dt 
Jr+ 

+ I (- [\u'(t)\ 2 + \(t- £)u(t)\ 2 ] + aa\u(t)\ 2 ) dt. 



(3.1) 
(3.2) 



We denote by H[a,m,a;!;] the self-adjoint operator associated to the quadratic form (|3.ip by 
Friedrichs' Theorem. The domain of H[a,m,a;^] is defined by : 



D(H[a,m,a;^]) = |u G B 1 (R); u, R± G B 2 (R±), u'(0+) = ^u'(0_) j , 



and for u G D(H[a,m,a;^]), we have, 

[{-d 2 + (t - 2 ~ a) u] (t); if t > 0, 

[ii{-d? + (t-0 2 } + ^)u] (t); if* <0. 



(-ff [a, m, a; (t) 



(3.3) 



(3.4) 



We denote by //i(a, to, a; £) the first eigenvalue of H[a, to, a; £] which is given by the min-max 
principle, 

/ c \ ■ r Q[a,m,a;£](u) 
uua, m, a t) = mi — ^ . (3.51 



The eigenvalue /zi(a, to, a; £) is simple and there exists a unique strictly positive (and L 2 - 
normalized) eigenfunction /"'™. To see that /*'^*(0) > 0, we suppose for a contradiction that 
= 0' then we define the function v G -B^M) by : 

v (t) = f%™(t) if t > 0, u(t) = if t < 0. 
So u is in the form domain of Q[a,m,a;£] and an integration by parts yields the equality : 

Q[a,m,a;g\ (v) 



Hi(a, to, a; £). 



Therefore, by the min-max principle, v is an eigenfunction of H[a,m,a;£] and consequently 
v G D(H[a,m,a;£]). Hence v'(0+) = v(0 + ) = and so we get by Cauchy's Uniqueness 
Theorem for solutions of ordinary differential equations that v = 0, which is the desired 
contradiction. 

We can now define the following 'effective deGennes parameter' : 



j(a,m,a;() :-- 



( ( ja,m\'\ 



\ 



f 

J a 



(0+). 



(3.6) 



Using the boundary condition satisfied by f a '^ , we get, 

/ ( f a,m\ 
J oc,£ 



7(0, to, a; £) = — 
m 



\ 



f a,a 
Jct,£ 



(o-: 



In the physical literature TT9\ [26l [T5l , the parameter -7— — ?; is usually called the 'extrapo- 
lation length'. 

Let us notice that the quadratic form Q[a,m,a;t;] has a fixed domain and that, given u 
in its form domain, the function 

i;xR;xR;xl3 (a, m, a; f) i-» Q[a, m, a; f](u) 

is analytic. Therefore, i?[a, m, a; £] is a 'holomorphic operator of Type A' with respect to 
the variables a, m, a, £ (cf. [32jjj. We then get, thanks to the simplicity of /ii(a, m, a; £), 
that the first eigenvalue and the corresponding normalized eigenfunction of Q[a, m, a;£] are 
analytic. This yields the following regularity result, proved in [29j Theorem 3.1.2] by a different 
approach. 

Theorem 3.1. The functions, 

(a,m,a,£) >->■ /Xi(a,m,a;£), (a,m,a,£) /^'™ G L 2 (R), 

and 

(a, m, a, £) 1— > 7(0, m, a; £) 

are 0/ c/ass C°° . 

Remark 3.2. Notice that, by a partial Fourier transformation (with respect to the variable 
z) and by separation of variables (cf. ]3G$). one has, (cf. /il.lS]) ). 

/i (1) (K,ff;RxR + ) =kH (infyui (a,m, -^;£H . (3.7) 

ygeK V H J J 

3.2 Variation with respect to £ 

We study in this section the variations of the function : 

£ i-> ^i(a,m,a;£). 
It results from the min-max principle the following lemma. 

Lemma 3.3. For all a,m, a > and </ie eigenvalue ^i(a, m, a;£) satisfies : 

min (Af (£) - a, — Af (-£) + aa ] (3.8) 
\ m / 

< m(a,m,a;€) 

< min f Af (0 - a, — A?(-£) + aa] . 

\ m J 

Combining with previous well known results about Af(-) and Af(-) (cf. [HI EI]), we get 
that the function /xi(a, m, a; •) is bounded and, 

lim fJ.\(a, m, a; £) = h aa, lim Hi(a, m, a; £) = 1 — a. (3.9) 

In the next proposition, we give an explicit formula for the derivative of ^i(a, m, a; •). 



6 In [32] . the analytic perturbation theory is developed for operators depending on a single variable. However 
it is straightforward to generalize this theory to operators depending on 'many variables' (see for example |8J) 
and the analyticity of the eigenvalues will remain true when they are simple. 



Proposition 3.4. For all a,m,a > and £ G R, we have : 
d^fii(a, m, a; £) 

= [(m - l)h(a,m,a;0\ 2 + (l - £) £ 2 - (1 + a)a] /J™(0) " , (3 - 10) 



where 7(0, m, a;£) is defined in (E 

Proof. We follow the method of Dauge-Helffer |14j . To simplify, we shall omit the reference 
to the parameters a, m, a and write fJ>i(— ;£), and if [— ; £] respectively for the first eigenvalue 
/il(a, m, a; £), the first eigenfunction /^'J 1 and the operator if [a,m, 
Consider a real r > 0. Notice that : 

H [-; £]/ €+r (* + = + r)/ €+T (t + r), (t [-r, 0]). 

An integration by parts yields : 

f T H[-,Z]fs(t)fs +T (t + T)dt= [ T fz(t)H[-,Z]fs +T (t + T)dt (3.11) 

J— 00 J— 00 

+^{/^(-r)4 +T (0_)-4(-r)/ e+T (0)} ) 

and, 

p+00 r+00 

/ H[- ] i]f i (t)f i+T {t + r)dt= Mt)H[-;^ +T (t + r)dt (3.12) 

-/?(0)4 +T (r)+/^(0 + )/ e+T (r). 
By taking the sum of the preceding two equalities, we get the following identity : 

/+00 
/*(t)/{+t(* + T)dt (3.13) 
-00 

= ^{/K-^+.(o)-/e(-r)4 +r (0-)} 

+/e(0)4 +T (r)-4(0+)/^r(r) 

+ (w(-;^ + r)-Mi(-;0) y fz(t)fz +t (t + T)dt. 

Using the mean value theorem, we get, 

|4(-r) - 4(0_) + r/^(0_)| < r 2 ||4"|| LOC(0jl) , 

|/e+r(r) - / e+T (0) - r4 +T (0 + )| < ^[l^+rlU-CO,!)- 

By the boundary condition /|(0+) = ^/^(0_), we can rewrite the preceding estimate in the 
form : 

^4(-t)/^(0)-4(0 + )/ $+t (t) 



r4(0 + )/^ +r (0 + ) - -/ C+ r(0)#(0_) + 0(r 2 ). 



The same argument yields 



mr4(0 + )4 +T (0+) + r/^(0)4' +r (0+) + 0(r 2 ). 



Dividing the two sides of (|3.12|) by r then taking the limit r — > 0, we get : 

fl^iHO = (m ~ 1) I4(0 + )| 2 - ~/ € (0)#(0_) + /e(0)/^(0 + ). (3.14) 
The boundary condition and the equations satisfied by f$(t) in M_ and M + respectively permit 



now to deduce Formula (|3.10p . □ 

Let us define the set of points of minima of Hiifl, m, a; £), 

M(a, to, a) = {?? G R; //i(a, m, a; 77) = inf /xi(a, m, a; £)}. (3.15) 



Formula (|3.1Q|) permits to obtain sufficient conditions on a, m, a for the set M(a, m, a) to 
be empty or not. 

Theorem 3.5. Ifm<l, then the set M(a, m, a) is empty and 

inf yUi(a, to, a; f ) = 1 — a. (3.16) 

On the other hand, let eo G]0, aa[ and suppose that a,m,a satisfy, 

- e < inf /ii(a,m,a;£) < e , (3.17) 

£/ien, if m > 1, the set M(a, m, a) is non-empty. Moreover, if £ G M(a, m,a), i/ien ; 



1^1 < W (1 + a) 1 - — a, (3.1? 



and i/ie eigenfunction f a '^ satisfies : 

[f%t) (°±) > °- 



Proof. Notice that, if m < 1, Formula fj3 . 10|) implies that the function i— ► fJ,%(a, m, a; •) is 
strictly decreasing. Therefore, 



Hi(a, m, a; £) = lim //^(a, to, 



which proves (13.16p . thanks to (13. 9p . 

Suppose now that m > 1 and that Hypothesis (|3.17|) holds. We denote by 



m 



d=\(l + a) 1 a. (3.19) 



Notice that there exists ^ G [ — cZ, d] such that, 

fj,i(a,m,a;£d) = m ^ n Ml( a > m -> a 'i £)• 

£t=[-d,d] 

As to > 1, Formula (|3.10|) gives that the function /ii (a, to, a; •) is strictly increasing on the 
intervals ] — do, — d] and [d, +oo[. We then have, 

Hi(a,m,a;£,d) < fJ>i(a,m, a, d) < //i(a, to, a; £), V£ G [d, +oo], 



and 

fjti(a,m, a;£) > haa>eo, V£ el — oo, — dl. 

m 

This gives now, 

^i(a,m,a;^) = inf m(a, m, a; £), 



and hence the set M(a, m, a) is non-empty and bounded. 

Given £ e M(a,m,a), the equation satisfied by f a '^ in M_ can be written as 



fa?) + (t-^fa? = m(fii(a,m,a;£) -aa)f%?, t<0, 

, K w y A A 3.20 
(0-)= 7 (a,rn,a;e)/:; f m (0), 

with /^(a, m, a; £) — aa < eo — aa < 0. Therefore 7(0, m, a; £) > and consequently 

(/::r)'(o±)>o. □ 

We collect some useful relations in the next proposition. 
Proposition 3.6. Let 77 6 M(a, m, a). Then we have, 

[ (t-v)\fal?(t)\ 2 dt+- [ (t- V )\f^(t)\ 2 dt = 0, (3.21) 

JR + m JR. 

(t-v) 3 \f^(t)\ 2 dt + - [ (t- V ) 3 \f^(t)\ 2 dt (3.22) 



6 

3 V, 

Proof. We denote by 



L+ = -3 t 2 + (i - r/) 2 -a, L_ = — (-<9 2 + (i - r/) 2 ) + aa. 

m 

Let jj a polynomial, / = fa,? and v = 2pf —p'f. By direct calculation, we have : 
L + v = (p® - V [(* - r?) 2 - a] - 4p(* - 77)) /, 

L_t; = (p (3) - 4p [(i - i]) 2 + moa] - 4(t - 77)) /. 
Integrating by parts, we get, 

/ f(t)-(L + f)(t)dt + - [ f(t)-(L.f)(t)dt 
Jr+ m Jr. 

= (</(0 + ) - t/(0_)) /(0) - («(0+) - u(0_)) /'(0+). (3.23) 
Taking p = 1, we obtain (|3.2ip . To obtain (|3.22p . we take p = (t — r]) 2 . In this case, 

/ f(t)-(L + f)(t)dt + - [ f(t)-(L.f)(t)dt 
Jr+ m Jr. 

= -2(l- -) |/(0)| 2 + 2r7 2 (f(0 + ) - -f"(0-)) /(0), 
which is enough to deduce (|3.22|) . □ 



3.3 The function a(a, m) 

In the theorem below, we define the function a(-, •) appearing in the statement of Theorem 1 1.1 1 
Theorem 3.7. Given a, m > 0, there exists a unique solution a(a,m) of the equation : 

inf n\ (a, m, a(a, m); £) = 0. (3.24) 



Moreover, a(a,m) = 1 if m<\, and 0o < a(a,m) < 1 if m > 1. 

Proof. We start by proving the existence of a(a, m). The min-max principle gives that the 
function 

a i ^ inf fj,\(a, m, a; £) 



is Lipschitz. Lemma I3T31 gives immediately that 



inf fi\(a, m, a;£) > 0, Va < Oo, 
inf ni(a, m, a;!;) < 0, Va > 1. 



Therefore, by the intermediate value theorem, there exists at least one solution a = a(a, m) G 
[9 ,1] satisfying (l3~24l . 

If m < 1, then by (|3.16l) . a(a,m) = 1 and hence it is unique. If m > 1, the function 
/ii(a, m, a;-) is increasing in [d, +oo[ (cf. (| 3 . 1 II and (|3.19p ) and thus, thanks to (|3.9p . we 
have : 

H\ (a, m,a;^)<l — a, V£ E [d, +oo[, Va > 0. 
Consequently any solution of (|3.24l) satisfies 

a(a, m) < 1. 



That a(a,m) > Bo follows from the fact that M(o, m,a) is non-empty (cf. Theorem I3.5p . 

ra,m 



Actually, let £ G M(a, m, a) and let us look at the equation satisfied by the eigenfunction f^ m 



m K + : 

I (/:;r) / (0 + )= 7 (a,m,a;0/ Q T(0). (3,25) 

Then, 

a(o,m) > Ai(7(a,m,a;^),0, 

where Ai(7(a, m, a; £), ^) is defined by (|2.5|) . Theorem 13 . 5 1 gives 7(0, m, a; £) > 0, and therefore 
a(a, m) > Qq. 

It remains now to prove the uniqueness of a(a, m). Actually, we need only to prove uniqueness 
when m > 1. It is sufficient to prove the following claim, 

If inf /^i(o, m, a; £) = 0, then V/3 > a, inf //1 (a, m, /?;£)< 0. (3.26) 



Notice that, after comparing the quadratic forms Q[a,m,a;^] and Q[a, m, (3; £], we get for 
any 7/ G M(a, m, a), 

Q[a,m,fcr,](fZ™) + (P-a)( f \f^(t)\ 2 dt - a [ \f^(t)\ 2 dt) = 0. (3.27) 



We have the following immediate consequence of the min-max principle, 

(Af(r/)-a)/ \f^( t )\ 2 dt+(-Xf(- V )+aa) f \f^(t)\ 2 dt 

JR+ \ m J JR- 

<Hi(a,m,a;ri) [ \f^{t)\ 2 dt. 
Jr 

Since ni(a,m,a;rj) = and m > 1, the above estimate reads as 

— <([ \f a *%(t)\ 2 dt-a ! \f^(t)\ 2 dt). 
m V./ni, '' ./in, '' / 



We have actually used the fact that 0o < a < 1 and that A^(±ry) > Qq. 
Therefore, thanks to (|3.27p . we get finally, 

fj,i(a,m,P;r]) < 0, 

which proves Claim (|3.26|) . □ 

In the next proposition, we establish the monotonicity of a(a, •). 
Proposition 3.8. The function [l,+oo[B m ^ a(a,m) is strictly decreasing. 

Proof. As we are interested in the dependence on m, we omit a from the notation and we 
write a{m) for a(a,m). Suppose that : 

mi > m 2 > 1- 
Notice that, V£ G R, Mu G B 1 (M), we have : 

Q[a,mi,a(mi);£\(u) = Q[a,m 2 ,a(m 2 );£](u) 

+ (—-—)[ {\u'(t)\ 2 + \(t-0u(t)\ 2 }dt 
\mi m 2 J J R+ 

+ (a{m 2 ) - a(rai)) ( / \u(t)\ 2 dt-a \u{t)\ 2 dt 
\Jr + Vr_ 

In particular, for £ = rj G M(a, m 2 , a) and u = f a ( m2 ), we have : 

(3[a,m,a(mi);T|](/ tt(m2) ) < 9 - \f a{m2 ){t)\ 2 dt 

+ (a(m 2 )-a(mi)) / \f a (m 2 ){t)\ 2 dt - a i |/ a(m2 )(0| 2 cft 



ca,rri2 



where / a(ma) = / a(m3)> „. 
Suppose by contradiction that a(mi) > a^), we obtain, thanks to (|3.27l) and the fact that 
a(m 2 ) < 1, 

Q[a,m,a(mi);?7](/ a(m2) ) < 6 ( — — )/ \f a ( m2 )( t )\ 2dt 

\ m l m 2/ 7r + 



+ (a(m 2 ) - a(mi)) —. 

m 



The min-max principle now gives 



inf ^i(a,mi,a(mi);0 < 0, 

£6R 

which is the desired contradiction. □ 



3.4 Asymptotic analysis with respect to m 



We finish in this subsection the proof of Theorem 11.21 We start with the following technical 
lemma. 

Lemma 3.9. Given a,m > 0, let a = a(a,m). For any e G]0, 1[, there exists a constant 
C > 0, such that, 

Vm>l, Va > 0, V£eM(a,m,a), 
the eigenfunction f^'™ decays in the following way, 



exp 



f 



+ 



exp 



f. 



a,m 

«,5 



< C. 



H 1 (R-) 



(3.28) 



Proof. Let us consider a function $ G ff 1 (R). For simplicity we shall write / for f^™- 
Given an integer N G N, an integration by parts gives the following identity : 



(3.29) 



/■•W r 2 

/ (e*/)' +|(t-0e $ /| 2 -a|e $ /| 2 

JO 



dt-f(N)e 2 *Wf(N) 



'f)'* +\(t-i)e*f\ 1 )+aa\e*f 2 



dt + f'{-N)e^- N) f{-N) 



»i{a,m,a;0 f\\ 2 L 2 {[ _ N>N]) + \\®' e * f\\l* {[0 , N]) + - !l^' e */ 



$ ^|i 2 

Il2([-7V,0]) 



Let us recall that the eigenfunction / is strictly positive and that a and £ are selected in such 
a way that Hi(a, m, a; £) = 0. It results then from the eigenvalue equation satisfied by / : 

/"(*)> 0, Vi G] — oo, £[U ]£ + +oo[. 

Therefore, the function /' is increasing on ] — oo,£[U]£; + \fa, +oo[. On the other hand, as 
/| R± G H 2 (W±), the Sobolev Imbedding Theorem gives ^ lim f'(t) = 0. Thus, combining with 

the monotonicity of /', we get, 

f'(±N) < 0, ViV > max(f + Va, -£)■ 
It results now from (|3.29|) the following estimate : 



/•JV r 2 nH 

/ (e*/) +((t-0 2 -*-m)\e*f\ 2 
Jo L 



(3.30) 



+ 



Now we take $ as 



o 

— N 



[e*f)'\ +((t-0 2 -m 2 )e*f)+a a \e*f\ 2 

.(t-O 2 



dt < 0. 



We can then rewrite (13.301) as 



/ 



m = 6- 



(«*/)' 



t£[0,N],(t-£)>a e 

f 

te[-N,0],(t-£)>a e 



$ ,i2 



1 

+ — 

m 



2 



dt 



(3.31) 



+ \e*ff 



dt < e £ae/2 , 



where a t > satisfies : 

(1 - e 2 )a 2 - 1 > 1. 

Let us now take C = e €a ^ 2 . Noticing that the estimate (I3,31|) is uniform with respect to N, 
we get the result of the lemma by passing to the limit N — > +oo. □ 

In the next proposition we give a 'rough' asymptotic result. 
Proposition 3.10. Given a > 0, the following asymptotics hold : 

lim a(a,m) = 1 and lim a(a,m) = Qq. 

Moreover, there exists a function e(m) swc/i ^ai ; 

e(m) > 0, lim e(m) = and M (a, m, a(a, to)) c] — e(m) + £oi Co + e(m)[. (3.32) 

m— ->+oo 

Proof. In the proof of this proposition and in the sequel of this section, we shall write a for 
a(a, to). 

The limit to — ► 1 + . 

Let e G]0, 1[ and to = 1 + e. Noticing that ^- > 1 — e, we get for any function u 6 B-^R), 



-€ 



Q[a,m, <*;£](«) > / {\u'(t)\ 2 + |(t - ^)-u(t)| 2 - a\u{t)\ 2 ) dt (3.33) 

(K(t)i 2 + i(t-ew*)i 2 )^ 

(3.34) 

Using the fact (cf. 1(213)1 ) 

/ (|u'(t)| 2 + |(t-0u(t)| 2 )^>e / K*)| 2 ^, 

together with a > 0o, we rewrite (|3.33p as, 

(1 + me)Q[a,m,a;£](u) > / [|u'(t)| 2 + \(t - £,)u\ 2 ] dt - a / \u(t)\ 2 dt 

Jm. ' Jm. 

+me(Q - a) \u(t)\ 2 dt. 



Applying the min-max principle, we obtain, 

(1 + me)ni(a, to, a; £) > 1 — a + me(Go — a). 

Taking the infimum with respect to £, we obtain, thanks to the definition of a in Theorem 13. 71 

> 1 — a + to(©o — Oi)e. 

Recalling that a < 1, this is sufficient to deduce the required limit. 
The limit to — > +oo. 

Recall that 990 is the first eigenfunction of £^[£0] (cf. Subsection 12.11) . Let ^0 be the even 
extension of (po in R, i.e. 

W)(t), * > 
(pol-t), t < 0. 



<Po(t) 



Let x be a cut-off function such that 

0<X<1, x = in] -oo,-l], andx = l in[0,+oo[. (3.35) 

There exist constants C,rriQ > such that, 

(j 

Q[a,m, a;£ ] (x(\fmt) S ) < G - a H =, Vm > ra . (3.36) 



It results now from the min-max principle and our choice of a that 

Q[a,m,a;Co] {x{Vmt)(p ) > 0. 

Therefore, (|3.36|) reads, 



C 

$<®a-a + —=, Vm>m . (3.37) 
Jm 



Remembering that a > 0o, we get finally that, 

C 



@o < a < 9 + 



m 



and consequently, lim a(a,m) = @q. 

rn— ++00 

Localization of M(o, m, a). 

Let £ G M(a, m, a(a, m)). We denote by 7^ = 7(0, m, a(a, m); £). The equation d^fii (a, m, a; £) 
gives the following relation : 

T! = ^«--e (3.38) 
s m — 1 m 

Therefore, thanks to Theorem 13.51 there exist constants C, mo such that, 

C 

0<7 £ <^, Vm>ra . (3.39) 

We define the function : 

k = JJ^J e-T'fS?®- 

Using Lemma l3~9l we get, 

V(JG]0,l/2[, 3C 5 ,m 5 > s.t. Vm > m 5 , 1 - C s m 5 ~ 1/2 < ||<^|| L 2 (R+) < 1. (3.40) 
It results also from the eigenvalue equation satisfied by /®'™, 



-<^'(t) + (t - 2 Mt) = «(«> ™)Mt) + + 27f^(t), * > 0, 

<^(0) = 0. 

This yields the following estimate (cf. (|2.ip ). 

q[0,t](<t>£) < a(a,m) + C^. 
Using the min-max principle, (I3.37p . (|3.39p . we get the following upper bound : 

C 

Af(£)<e + — ?, Vm€k,+oo[. 



(3.41) 



Remembering the definition of 0o in (|2.8|) and (|2.13p . we get \i (£) > 0o- Therefore, we 
have, after applying Taylor's Formula to A^(-) up to the order 2 near £o, 

|£-£o|< ( 



5/2 ' 



This achieves the proof of the proposition. Let us mention also that it results now from the 
relation (|3.38p . 

^/ag ( m ^ +0 o). (3.42) 



□ 

The following lemma is very useful for the localization of the set M(a, to, a) when to — > 
+oo. 

Lemma 3.11. Given a > 0, there exist too > 1 and a function to h- > e(m) satisfying 

e(m) > 0, lim e(m) = 0, 

m— >+oo 

such that, if to > too, we have : 

7 (a,TO,a;0>0, V£ €] - e(m) + + e(m)[, (3.43) 

ane? 

a + //i(a,TO,a;0 = Ai (7(a,rn,a;0,0 > V£ g] - e(m) + £ , Co + e(m)[. (3.44) 
Proof. Let £ S R+. Looking at the eigenvalue equation satisfied by /^'™, we get : 

" (/St)" (*) + 2 f a a f(t) = TO( W (a,TO,a;0 - aa)f a f, t < 0, 

(/2?)'(0-)=m 7 (a,m,a;e)/S l (0). 

When |£ — Col < e( m ); it results from the min-max principle the existence of too > such 
that : . 

Vto > too, Ati (a, to, a; £) < -a@Q. 

To obtain the above estimate, it is enough to use the function x(v / ^*) < ?c(0 as a quasi-mode 
(cf. (I3.35P ). where the function cp^ = ipo^ is the eigenfunction associated with /J, N (£,) (cf. 
(|2.4I) ). and (p% is the even extension of <f£. 
Therefore, remembering that a > Qq, 

/ii(a, to, a; £) — aa < Vto > too, 

and consequently we obtain (I3.43p . Looking now at the eigenvalue equation in K + : 

" (Cf)" (*) + (* - 2 / a T(t) = (Mi(a,m,a;0 + t > 0, 

{f a a f)'(0 + )=l(a,m,a;Of a a f(0), 



with, thanks to (13.81) . 

a + ^i(a,TO,a;^) < Af (£). 
As 7(0, to, a; £) > when to > toq, then, thanks to Lemma l2~Tl we obtain formula (|3.44p . □ 



In the next lemma we give a two-term asymptotics to a(a,m). 



(3.45) 



Lemma 3.12. The following asymptotic expansion holds, 
where the constant C\ is defined in {2.1$ . 

Remark 3.13. We believe that a(a,m) has a complete asymptotic expansion in powers of 
-7= as m — y +oo. 



Proof of Lemma 13.121 Let £ G M(a, m, a) and 7 = 7(0, m, «;£)• It is sufficient to 
establish, thanks to (|2.11j) . t|2. 14|) and (|3.42l) . the existence of constants too, C > such that, 



C 

a — 6(7)! < — , Vm > mo- 
m 



(3.46) 



Let us recall that m(a,m,a;£) = 0. The definition of 6(7) (cf. ([278]) ) together with (|3T44l) 
gives the following lower bound for a : 

6(7) < a. 

We look now for an upper bound. Consider the following quasi-mode, 



uit) 



<P-y(t), t > 0, 

<^ 7 (0)exp(6 m t), t < 0, 



where </? 7 is defined in (|2.12|) and the parameter b m > is to be chosen appropriately. 
Let us notice that u is in the form domain of Q[a,m,a;£], and that, 



-00 




i> m t 



dt 



2 ' 



dt 



2b ' 

-* u in 



(t - £{~f)) 2 e 2bmt dt 



1 + £(7)(l + e(7)) 



46 2 



IK 



Hence, we obtain, 



Q[a,m,a;^)](u) < 8(7) - a+ ( ^ _ 7+ f, ° 



- I 1 

m \ 46^ 



26 w 

C(7)(l+£(7)) 

26m, 



l^(o)l 2 
K(o)l 2 - 



(3.47) 



On the other hand, thanks to the min-max principle and the choice of a, we have 

Q[a,m,a;£("/)}(u) > 0. 

Let us choose b m in the form : 

b m = boy/rn, with bo > 0. 
Noticing that |y 7 (0)| is bounded, thanks to (|3.39l) . Formula (|3.47|) can be rewritten as : 



Having in mind (I3.42p . we obtain, 



bm_ _ _j_ aa \ _ (bp - (a9 ) 1/2 ) 2 
2m 2b m J 2b§\pm 



< 



C 



rn 



□ 



Optimizing over bo leads to the choice bo = (a0o) 1//2 - We get therefore the following upper 
bound, 

a <e( 7 ) + 

m 

and thus, we achieved the proof of the lemma. 

We give now a fine localization of the set M(a, m, a). 
Proposition 3.14. Given a > ; there exist constants C,mo > such that, 

b 



Vm > mo, M(a, m, a) C 
where the constant b > is defined by, 

b = J, 



6 + 



— , ?o 



6 C 
+ — 



m m 



.3Ci(l-3Ci 



(3.48) 



(3.49) 



2(2 -3Ci) ' 
anc? i/ie constant C\ > is introduced in {2.1J$ . 

Proof. Let us take £ £ M(a, m, a). It is sufficient to prove the existence of constants C > 0, 
mo > 0, independent of m and such that, 



m 



(3.50) 



Let 7 = 7(0, m, a;£). Using (|3.44|) . we get a = Ai(7, £). Upon applying Taylor's formula up 
to the order 2 to the function Ai(-, •) near (7, £(7)), we get, thanks also to Proposition 13.101 



(£ - £(7)) 2 = ~ e( 7 ))(l + o(l)), as m -» +00. 
£0 



(3.51) 



This gives now, thanks to (|3.46|) 



ie-e(7)i <-• 

m 



Consequently, Taylor's Formula applied to the function Ai(-, •) at (0, £0) will give asra-> +00 
the following asymptotics, 



a 



Ai(7,0 

9 + 017 + a' 27 2 + 6 i7 (£ - £ ) + ci(£ - £ ) 2 

+0( 7 3 + l£-£ol 3 ), 



(3.52) 



where the coefficients ai,a' 2 ,&i,ci are defined by, 



at = (5 7 Ax) (0, £ ) = 6'(0), a' 2 = - (d 2 ^) (0, £ ), 
h = 2 ( 5 7 5 5 A i) (°» Co), ci = £ . 



One has also, thanks to Taylor's Formula (applied to the function 6(7)) and to (|2.10p , 

0( 7 ) = eo + a l7 + a 2 7 2 + 0(7 3 ), (3.53) 

m = £o + ^7 + 0(7 2 ), (3-54) 
24o 

where the coefficients ai,a 2 are defined by, 

ai = 0'(O), a 2 = \e"(o). 

By writing (£ - £( 7 )) 2 = (£ - £o) 2 + (£ - £( 7 )) 2 - 2(£ - - £(7)), we obtain thanks to 

(13T321 and (13341) . 

(£ " e(7)) 2 = (£ " £o) 2 + (£(7) - Co) 2 - ^7(£ - £0) + o( 7 2 ). (3.55) 

Using the formulas of differentiation in (|2.6j) and (|2.7|) . we get, 

1 1 2 

01 = ~2 a i» 

e" ( 7 ) = (a?Ai) (7, e(7)) + e'(7) ( wo (7, £(7)), (3.56) 

/ 1 a l 

a 2 = a 2 + — . 

Solving the equation (|3.5ip . we get finally, 

4 ?o (i - tJ 

Recalling (|3.42|) . we obtain (|3.5Q|) . Finally, it is proved in [T7i (2.13)] that a\ < 1 (and hence 
6>0). □ 

Remark 3.15. T/ie following numerical estimate was obtained in fW[ Formula (2.125)] : 

0.858 < 3Ci < 0.888. 

This shows that b > 0. 

The asymptotic behavior of a(a, m) as m — > +oo permits one to prove the existence of a 
unique minimum of the function /xi(a, m, a; •) for large values of the parameter m. 

Theorem 3.16. Given a > 0, there exists > 1 such that, for any m > mo, the function 
£ I— ► H\ (a,m,a(a,m); •) has a unique non-degenerate positive minimum denoted by £(a, m). 

Proof. Let us take, thanks to Theorems 13.51 and 13.141 a critical point 

. "L b C , b C 
£e £o + — ,£o + ^ + - 



It is sufficient to prove that, 

af/ii(a,m,a;0 > 0. (3.57) 



Notice that, Formula (|3.10p gives, 



7 ; (a, m, a; ^7(0, m, a; f) + — £ 

m 



|/ a 7(0)| 2 . (3.58) 



5|/i (1) (a,m,a;^) = 2(m - 1) 

Differentiating both sides of (|3.44|) . we get, thanks to (|2.6p . 

7' (a, m, a; £) = (7(0, to, a; £)| 2 - £ 2 + a + ^i(a, to, a; £). (3.59) 
Notice that, thanks to (l3~4"2ll and J23E]), 

,2 & ■ / - 6 



|7(o,m,a;0r-r + a= Ui - 2—=— 7 (1 + o(l)), (m -► +00), 

with ai = 3Ci. Since, < ai < 1 (cf. [17, (2.13)]), we get, thanks to (ET491 . 

6 

oi-2-=— >0. 
V a ?o 

We have therefore achieved the proof of the theorem. □ 

Using the regularity result in Theorem l3.ll one gets immediately the following consequence 
of Theorems 13.51 and 13.161 

Theorem 3.17. Given a > 0, there exists mo > 1 such that : 

Vm > mo, 3eo(m) > 0, 

and if a satisfies : 

\a — a(a, m)\ < eo(m), 

then the function 

£ 1 ^ fii(a,m, a; £) 

has a unique positive non-degenerate minimum which we denote by £(a, m). 

4 Analysis of a 'refined' family of model operators 
4.1 Notation and main theorem 

For the analysis of 'curvature effects' (Theorem 1 1.3(1 . we need to introduce a refined family of 
model operators. Let us consider 

a,m,a,heR+, /3,£gM and *€]-,-[. (4.1) 
We assume further the following condition on (3, h and 6, 

fill 5 < 1. 

We consider the quadratic form : 

Hl{]-h S -y\h S -^[)3u~a^£{u), 



defined by 



a.m.a. / \ 



h 6-l/2 



1 

+ — 



[\u'(t)\ 2 + (1 + 2[3h l l 2 t) (t-i- /% 1/2 y) u{t) 
i|u(t)| 2 ](l -^h x l 2 t)dt 

t-t-phV*^) «(*) 



(4.2) 



\\u'(t)\ 2 + (l + 2f3h 1 ' 2 t) 
+aa\u{t)\ 2 ]{\- (3h 1/2 t)dt. 



By Friedrichs' Theorem, we associate to the quadratic form q^'^ a non-bounded self-adjoint 

L 2 (] - h 6 - 1 / 2 ,^- 1 ^;^ - Ph^dt). 



operator Hu g e on the space 



The domain of Ti-h™'^ is defined by : 



(4.3) 



E^aO^^D; „'( 0+ ) = -«'(0_)}. 



jo,//" 1 / 2 ! 



For w E D(7i^'^), we have : 



«) (t) 



(H h ^£U-au)(t), if i<0, 
{^ H h,f3,^u + aa«) (i), if i > 0, 



where H^pc is the differential operator : 

tf/^c = -d 2 t +(t-if 



(4.4) 



(4.5) 



We denote by fJ-ji'H'h™'^) the increasing sequence of eigenvalues of 'H^f^^. We are interested 
in finding a lower bound of 

We shall always work under the following general hypothesis, 

m > rriQ, 



(4.6) 



where the constant mo > l fills the assumption of Theorem I3.171 We write, 

a = a(a, m). 
We suppose also that (cf. Theorem 13 . 1T[) : 

\a — a\ < eo(m). 



(4.7) 



We denote then by ff and 77 the unique numbers defined by Theorem 13.171 such that 



rj G M(a, m, a), 77 G M(a, m, a), 
and we recall that 77, 77 > 0. Finally, we denote by : 



(4.8) 



(4.9) 



the positive eigenfunctions (and normalized for the L 2 -norm in K.) associated to /Ji(a, m, a; 77) 
and ni(a, m, a; 77) respectively. 
We define the following functions : 



Ci(a, m) 



(t - vf\f(t)\ 2 dt + - [ (t- rjf\f(t)\ 2 dt - \ [ J 
m 7m 2 



&i(a,m)= / |/(t)| 2 dt-a / |/(t)| : 
7r + 7r_ 



I/(0)| 2 , (4.10) 



(4.11) 



Notice that, thanks to (|3.22|) and the asymptotic behavior asm^ +00, the constant C\(a, m) 

is negative for large values of the parameter m. 

Our aim in this section is to prove the following theorem. 

Theorem 4.1. Given a > and m > tuq, then for every M > ; there exist constants 
C, e, ho > such that : 

V/3e]-M,M[, V£eM, V3€ [-e + a,a + e], V/ie]0,/i ], 

we /jawe : 

>6i(a,m)(a-a) + Ci(a,m)/3/i 1 / 2 -C7r|Q-a| 2 + / i ,5+1/4 j . (4.12) 

Let us mention that in all the estimates of this section, we do not seek to control the 
constants uniformly with respect to the parameter m. 

4.2 A first order approximation of fii(a,m,a;rf) 

We construct a first order approximation of ni(a,m,a;fj) by the help of an approximate 
eigenfunction. We recall first the definition of the 'regularized resolvent'. Given a, m,{3 > 
and ( £ I, the regularized resolvent 1Z[a, m, j3; £] is the bounded linear operator on L 2 (M) 
defined by, 



/ (#a,77i,/3;£ -/ji(a,m,/3;0) u, if u±f ' e , 

y 0, if . 

Lemma 4.2. There exist constants C, e > smc/i i/iar;, ?/ |a — a\ < e, we have : 
ji\{a,, 777, a; 77) — //1 (a, m, a; ff) — 61 (a, m)(a — a) < C|a — a| 2 , 



(4.13) 



(4.14) 



where 



b\ (a, m ) 



/ \f a %(t)\ 2 dt-a [ \f a a f(t)\ 2 dt. 
7m + 7m_ 



Preuve. Let r = a — a. We look for bo, b\ G M and no, ui G L 2 (M) such that, 
(iJ [a, m, a; rf] — (bo + &it)) (uq + rwi) ~ in R. 

Let us write, 

(ff[o, m, a; 7?] - (6 + b\T)) (u + rui) 

= (H[a, m, a; rf] - b ) u + r{(H[a, m, a; rf] - b ) u\ - (b\ + C)^o} + t 2 R, 

where 

U ' { a; if t<0, 

and 

f (6i-l)«i, if i>0, 
\ (61 + o)«i, if t < 0. 

We choose 60, 61, Moi ui in the following way : 

6 = n {1) (a,m,a;rf), u = f®'~, 

b\ = \uo\ 2 dt — a / |no| 2 dt, u\ = TZ[a, m, a; rf]g, 



where the function g G Uq is defined by, 

(61 - l)uo; */ t > 0, 
(61 + a)no; «/ i < 0. 

Notice that u := uo + tu\ is in the domain of the operator H[a,m,a;rf]. Therefore, the 
constructions above together with the spectral theorem yields the existence of an eigenvalue 
fl of H [a, m, a; rf] that satisfies : 

\J1 — ui(a, m, a; rf) — b\r\ < Ct 2 . 

By comparing the quadratic forms Q[a,m,a;rf] and Q[a,m,a;rf], we obtain, thanks to the 
min-max principle, 

|u 2 (a, m, a; rf) - u 2 (a, m, a;rf)\ < Ct. 

Therefore, the only possible choice of fl is fl = /J,i(a,m,a;rf). This achieves the proof of the 
lemma. □ 

We determine in the next lemma a useful 'key' estimate of \rf — r/\. 

Lemma 4.3. Let a be as in ( f^. 7\ ). There exist constants C, e > such that, if \a — a\ < e, 
then we have : 

\rf-rj\ < C\a-a\. (4.15) 

Here rj,rf are introduced in fi4.8\). 



Preuve. We denote by : 

7 := -y(a,m,a;rj), 7 := 7(0, m, a; 77), 

where 7(-) is defined in (|3.6p . As rj (respectively 77) is a critical point of the function 
\i\ (a, m, a; •) (respectively of /xi(a, m, a; •), we get, thanks to formula f| 3 . 1 1) : 

^ 2 a + 1 ^ l^o 2 a + 1 I2 

7 = 7« V , 7 = 7« , 

to — 1 m to — 1 to 



and consequently, 



f - 7 2 = ^±1( 3 _ Q ) _ 1(^2 _ 2) _ (416) 

to — 1 to 



Writing Taylor's formula up to the order 1 of the function £ 1— > 7(0, to, a; £) near 77, we obtain, 

7 = 7 + ci(^- t?) + C(|r? - r?| 2 ), 
where ci = 7' (77) is given by, thanks to (|3.59p . 



ci = 7 2 — rj 1 + a. 



Substituting in (I4,16p . we obtain : 



ci7 + -)(V- V ) + 0(\tj-rj\ 2 ) = 0{\a - a\). 



Since 77 is a non-degenerate minimum of 7/1(0, to, a; •), then, thanks to (|3.58p . 

77 

C17 + — > 0. 

m 

This achieves the proof of the lemma. □ 

Lemmas 14,21 and 14.31 give now the following theorem, thanks to the regularity in Theo- 
rem [3TT1 

Theorem 4.4. There exist constants C, e > such that, if \a — a\ < e, we have, 

\m(a, m, a; rj) — 61 (a, m)(a — a)\ < C\a — a\ 2 . (4-17) 

4.3 A lower bound of (J-iCH^j) 

We start by the following 'rough' localization of the spectrum of W^'™^ n . 
Proposition 4.5. Given a,m,M > 0, there exist constants C, ho > such that 

V/3e]-M,M[, V£GM, VliG]0,/to], 

we /lave, 

HiK'A? ) " Mi(H °f S )| < C/^- 1 /* (l + ^(Wgf*)) , (4-18) 
where the operator Hq'™' 01 is defined by : 

D ( n o,H ) := D ( n h,f3k )' ^0,5 = #>,TO,a;£]. 



The estimate (|4.18|) is obtained by first comparing the corresponding quadratic forms and 
then by applying the min-max principle. Notice that the min-max principle gives also, thanks 
to the inclusion of the form domains, 

Vj G N, ^(n a Q f' S ) > H (a, m, 2; £), (4.19) 

where fij(a,m,a; £) is the increasing sequence of eigenvalues of the operator H[a, m, a; £]. 
Since rj is a non-degenerate minimum of fj,^'(a,m,a; •), we get the following lower bound of 
when £ is not very near rj. 

Proposition 4.6. Given a,m,M> 0, there exist constants C, (, ho > such that : 

VPe]-M,M[, V£ : \£-rj\ > Ch s ~ lf \ Vhe]0,ho], (4-20) 

we have, 

>m(«,m,a;^) + C/ i 25 - 1 / 2 . (4.21) 

Proof. Recalling the localization of the spectrum in (I4.18P and (I4.19p . it is sufficient to 
prove the existence of ( > and ho such that, under the hypothesis (|4.20|) . we have, 

/ii(a, to, a; £) > /ii(a, to, a; rj) + h 26 ^ 1 ^ 2 . 

Using Taylor's formula up to the order 2, we get constants 6, Co > such that : 

/j,i(a,m,a;£) = m(a,m,a;rj) H - d|//i(a, m, a; £) 5=? ^ (4.22) 

-^oie-^/l 3 , V£G]77-0,77 + 0[. 

The constant Co is uniform with respect to 3, thanks to the regularity in Theorem 13.11 
Since d 2 fi^\a, to, a; £)f=jf > (cf. Theorem I3.17|) . there exist constants C' Q > such that we 
can rewrite (|4.22|) as : 

//l(a,m,3;£) > /ii(a, to, a; rj) + C |£ - r/| 2 , V£ e]r/ - 0, r? + 9[. 

We choose C > in such a way that C £ > 1. We then obtain obtain for (h 6 ' 1 / 2 < \£, — rj\ < 9, 

Ulifl, to, a; £) > /xi(a, to, a; r/) + h 26 ^ 1 ^ 2 . 

If |£ — rj\ > 6, there exists, thanks to the variation of /ii(a, to, a; •), a constant eg > such 
that, 

/xi (a, to, a; £) > ^(a, m, a; ??) + e e . 
It is sufficient now to choose ho in such a way that /iq 5 < e$. □ 



We suppose now that \£-rj\ < (h 2S ~ 1/2 . In this case we follow the general technique 

,,m,S 



initiated in |24l Section 11] to construct a formal asymptotic expansion for /-tiXW^'Tg") in 



powers of (£ — rj). 

We look for a formal solution (fi, f^™'^ J of the following eigenvalue problem^], 



(^,« + «S) /Sf ~ <, m f , in M_ , (4.23) 
I (^ a ) / (0 + ) = i(«Sf) / (0-)inR, 



^For two functions f(h),g(h), we use the notation / ~ g if limft_»o([/('i)]/[5('j)] = 1. 



in the form 



d + d! ^-rj) + d 2 (t-v) 2 + d3h 1/2 , 



uq + {£- rj) + rj) 2 u 2 + h 1/2 u 3 , 



(4.24) 
(4.25) 



where the coefficients do,d\,d2,d 3 and the functions uq, u±, 112, u 3 are to be determined. We 
expand the operator H^p^ in powers of (£ — £(rf)) and then we identify the coefficients in 
(|4.23p of the terms of orders (£ — £,(rj)y (j = 0, 1, 2) and /i 1 / 2 . We then obtain the following 
'leading order' equations, 



(H[a, m, a; rj] — do) uq = 0, 
(H[a, m, a; rj] - d ) m = gi , 
(H[a,m,a;rj] - d )u 2 = g 2 , 
(H[a, m, a; rj] - d ) u 3 = g 3 , 



where the function g\ , 52 and g 3 are defined by : 

9i(t) = 



92® 



2(t-rj)u , if *>0, 
2-{t-rj)uo, if t<0, 



2[(t-rj)ui + d 1 ] + (d 2 -l)u , if t > 0, 
^[h(t-v) + di]u l + {d2-^)u , if t<0, 



and 



9s(t) = 
We recall that (cf. (13311 ) 



(3 (d t + (t- rj) 3 -9, 2 (t- rj)) - d 3 
±-(3 (d t + (t-rj) 3 -fj 2 (t-rj))- d 3 



Uq, if t > 0, 



uq, if t < 0. 



(t-^)|/(t)| 2 dt + 



??? 



(t-^)|/(t)| 2 dt = 0. 



(4.26) 
(4.27) 
(4.28) 
(4.29) 



(4.30) 
(4.31) 

(4.32) 
(4.33) 



Then, thanks to (|4.33p . we can choose do,di,d2,d 3 and the functions uq, u±, u 2 , u 3 in the 
following way : 



d = m(a,m,a;fj), u = f, 
d\ = 0, ui = 21Z[a,m,a;rj}gi, 



d 2 



1 



(no — 2(t — rj)ui) uq dt H / (u - 2(t - rj)) u dt, 



u 2 = 2TZ[a,m,a;fj]g 2 , 

<h = p( [ u -(d t + (t- rj) 3 ) u dt + — [ u - (d t + (t - rj) 3 ) n dt 
u 3 = (31Z[a,m,a;rj]g 3 . 



An integration by parts yields : 
where 



d 3 = (3Cx(a,m), 

Ci(a,m)=[ ( t -vf\f(t)\ 2 dt + - [ (t-vf\f(t)\ 2 dt + Ul--)\f(0)\' 



(4.34) 
(4.35) 

(4.36) 

(4.37) 

(4.38) 

(4.39) 

(4.40) 
(4.41) 



We define now the following quasi-mode : 



(4.42) 



where x is a cut-off function supported in ] — 1, 1[. Since the function / decays exponentially 
at infinity, we get : 



2 

L 2 



1 



< C[\£ - 9j\ + h 1 / 2 ], Vh€]0M] 



We have also, thanks to the formal calculus presented above ( (|4.23|) - (|4.39p ). 



[do + d 2 {£ - vf + d 3 h 1/2 ]) f h 



^C^^-^ + h 1 ' 2 ^}, \fhe]0,h ]. 

By the spectral Theorem, we get an eigenvalue A(7^'™£*) of such that : 

<C[h l / 2 \Z-v\ + h l / 2+ % Vh€]0,ho\- 

The localization of the spectrum of H^'T^* in Proposition 14.51 together with the lower bound 
(|4.19p shows that the only possible choice of A(7^'™£*) is 

Therefore, we have proved the following lemma. 

Lemma 4.7. Given a,m,M > 0, there exist constants C, ho > such that, 
V/?G]-M,M[, V£s.t. \£-v\<(h 5 ~ 1/4 , V/iG]0,/i ], 

we have : 

^(K^i)-[do + d 2 ^-v) 2 + d 3 h 1 / 2 ]\<Ch 1 / 4+s , Vhe}0,h }. 

The next lemma permits to deduce that d 2 > 0. 
Lemma 4.8. Under the hypothesis of Lemma \4-% we have : 

d 2 = -dffj,i(a,m,a;0\ i=fr 

Proof. Notice that, by construction of ft™^ , one has, 

(H[a, m, a; £] - [d + d 2 (H - ^) 2 ]) ft™ 

By the spectral theorem, we get, 

| W (a,m,S;0 - [do + <h(Z ~ V?] \ < C\£-lj\ 2 . 

Comparing the above expansion with that obtained after writing Taylor's Formula for m(a, m, a 
up to the order 2, one gets the result of the lemma. □ 



L 2 



<c\a-v\ 2 . 



Using Proposition 14.61 and Lemmas 14.71 and 14.81 we get finally the following theorem. 



Theorem 4.9. Under the hypothesis of Theorem \4-l\ given a,m,M > 0, there exist constants 
C, ho > such that : 

V/3e]-M,M[, V£eM, Wie]0,/i ], 

we have : 

Ml(KSf) ^ /xi(a,m,a;57) + Ci(a, m)/! 1 / 2 - Ch 1 ^ 5 . (4.43) 

Using Theorem 14.91 the regularity of the eigenfunction in Theorem 13.11 and Lemmas 14.21 
and 14.31 we achieve the proof of Theorem 14.11 

5 Estimates for the bottom of the spectrum 

Let us denote by V[k,H] the self-adjoint operator associated to the quadratic form (|1.5|) by 
Friedrichs' theorem. In this section, we estimate the bottom of the spectrum of V[n,H] in 
the regime k,H—> +oo and we prove Theorem 11.11 
We introduce the following parameter, 

1 



IkH' 



(5.1) 



which will be small in our analysis. 

We start with a 'rough' estimate of yy~> (k, H) which gives an alternative characterization 
of the upper critical field Hc 3 (a,m; n). 

Proposition 5.1. Given a, m > 0, there exist constants C, Eq > such that, when e G]0, £q] ; 
we have, 

-Ce + min(e - ^-,-O + a^-) < e 2 ^(k,H) (5.2) 
\ Mm H J 

( K 1 Kj \ 

< min 1 - — , h a— + Ce. 

\ H m H J 

Moreover, there exists a constant hcq > such that, if K> kq, then, 

H Ci (a, m; k) = min{H > 0; H) = 0}. (5.3) 

Proof. 

Using the min-max principle, we get, 

min (e?n N (e; + a- 



<e 2 ii {1) (K,H) (5.4) 

< min ( s 2 v D (e; Q) - ± -» D (e; Q c ) + a± 
\ H m H 

where n N {e; ■), H (e; •) are defined in (12.26p . Estimate (15. 2|) follows now from Proposition ^. 41 
We prove now (|5.3|) . We define, 

H*(k) = min{# > 0; h (1) (k, H) = 0}. (5.5) 

By definition, Hc 3 (a,m; k) < H*(k). By (|5.4|) . H*(k) has the order of k (as k -> +oo). 
Suppose by contradiction that there exist H e]0, H*(k)[ such that 



M{k,H)>0. 



Let Hi = y/n and choose kq large enough, thanks to the upper bound in (15.21) . such that, 

, Hi) < 0, V/t > /to- 

As the function H ^ fj,^(n,H) is continuous, we get by the Intermediate Value Theorem a 
contradiction to the definition of H*(k). □ 

Remark 5.2. Let 

a(n) := (5.6) 

Then, thanks to ^5.2\) . there exist positive constants C, C, kq such that, 

C < a(«) <C, Vk > kq. (5.7) 

Moreover, thanks to 15.3)) . «i «s sufficient to calculate lim a(«) m order to prove Theo- 
rem I j . li 



(5. 



We modify our notation slightly by redefining the parameter e, 

1 



kH*(k) 



Proposition 5.3. (Lower bound) 

There exist constants C, Eq > smc/i £/iai ; 

inf /ii (a, m, «(«);£) + Ce > 0, VeG]0,e ], (5.9) 

where the function /xi(-) is defined in h3. 5j) . 

Proof. If m < 1, then, thanks to Theorem 13.51 

inf (a, to, a(«); ^) = 1 — 



In this case, (15.91) comes from the upper bound in (|5.2p . 
Let us suppose now that to > 1. If the function 

(TO/ 
a, — ,a(«);£ 

does not attain its minimum, we have then nothing to prove, thanks to (13. 9p and (|5.2p . 
Suppose now that the function £ > //i (a, to, a(ft); £) attains its minimum at a point r/ = 
7/ (a, to, a(«)). Notice that t)(k) is bounded, thanks to (I3.18P and (15.71) . Let xq be an arbitrary 
point of dfl. Using the boundary coordinates (s,t) introduced in Subsection 12.21 we construct 
a trial function u(s,t) supported near xq. We can suppose that xq = (0,0) in the (s,t) 
coordinate system. Let x be a cut-off function such that, 

suppxC]-to,to[, 0<x<l, x = 1 m Ho/2, to/2], (5.10) 

where the constant to is the geometric constant introduced in Subsection 12.21 Let us consider 
another function / such that, 



/eC °°(]-l/2,l/2[), ||/|| l2(r) = 1. 



(5.11) 



We denote also by f a ^ the first (positive) eigenfunction of the operator H[a, a(n); rf\ whose 
L 2 -norm in R is equal to 1. 
We define u(s,t) by, 



u(s,t) = a-V 2 (s,t)e-^e W ( ) f a , v {e~H) X {t) x f(e~ l ' 2 s). 



(5.12) 



We recall the definition of a(s,t) in (12.191) . Since the function f a>ri decays exponentially at 
infinity, we get, thanks to (|2.23|) . 



1 — C exp ( ) < \\u 



|2 



< 1. 



(5.13) 



Working with the gauge introduced in Proposition ^. 31 we get, thanks to the change of variable 
formulas (l2~2Tjl and (l2~22l) : 



m 

a, — , a(K), rj 
.A 4 



< Ce. 



(5.14) 



By our choice of f a ^ and since hi(k,H*) = 0, the application of the min-max principle 
achieves the proof. □ 



Proposition 5.4. (Upper bound) 

There exist constants C, Eq > such that, if e £]0,£oL then, 

(l - Ce 1/2 ) inf m (a, m, a(/c); f) - CV /2 < 0, (5.15) 
where e has been introduced in A5.8\) . 



Proof. We follow the technique of HelfFer-Morame [24l Subsection 6.3] and we localize by 
means of a partition of unity to compare with the model operator. 

Let < p < 2. Consider the partition of unity (x £ j) defined by Proposition 12.61 We have the 
following decomposition formula, thanks to (|2.35|) . 

Q[K,H4(u) = J2QiK,H*}(Xju)-J2\\\VXj\uf, VueHl- 2F (M 2 ), (5.16) 

3 J 
where |.| denotes the L 2 -norm in M. 2 . 

The alternative appearing in (I2.34p permits one to decompose the above sum in the following 
form : 

£ = £+£+£. 

int ext bnd 

where the summation over 'int' means that we sum over the j's such that Xj i s supported 
in 0, that over 'ext' means that X % 1S supported in Q c and that over 'bnd' means that the 
support of Xj meets the boundary d£l. 

We have to bound from below each of the terms on the right hand side of (I5.16p . By (12 ,33|) . 
we can estimate the contribution of the last term in (|5.16|) : 

^|||V Xj £ |n|| 2 <CC -V 2 n| U || 2 . (5.17) 

3 



Using (|2.30|) and our choice of F in (??), we get, 

E G[k, #.]C#i) > e~ 2 E f 1 " ^) HxMI 2 > ( 5 " 18 ) 

int int 
ext ext ^ 



We have only now to bound from below ^bnd Q[ K -> H*}(x £ j u )- I n the support of Xp we choose 
the gauge from Proposition l2.3l Proposition l2.5l yields now the existence of constants C, Eq > 
depending only on Cl, and a function 4>j £ H^ oc (K 2 ) sucn that, for any 6 > and e G]0,£o], 

(5.20) 

£ Q[«, #*](Xi«) > (l " CCoe p - Ce 2e ) £ 2kxM + [«, #*] (exp (-»^ x ^ 

bnd " bnd v ' 



Ce~ 2 e 4 ^- 2 + Co^ + e 2e Elk 



^ll 2 , 



brd 



where the quadratic form Qr x r + [«, -H*] is defined by (|1.10j) . Notice that we have also used 
the estimate f)5.7H . Formula (|5.20|) now reads, thanks to Remark 13,21 



(5.21) 



E<2[«,ff*](Xi«) > e" 2 (l " CCo^ p - Ce 2e ) (inf Ml (a, m, <*(«);£)) E Hx* 
bnd " ^ ' bnd 



£ u\\ 2 



-3 

bnd 



Summing up the estimates (I5.17p . (|5.18|) . (|5.19|) and (|5.21|) . the decomposition formulas (|5.16|) 
read as, 

(5.22) 



+ a TT XjU 



e-ll2 



\x e 3 uf 



bnd 

|2 



q[*,h.] W > ^(e^-^uxmp+e^ 

\ int ^ * ' ext ^ 

+e~ 2 (l - C( e p - Ce 29 ^j (inf p x (a, m, a(«); £) J E 

The optimal choice of p and 6 seems to be when 4p — 26 — 2 = 2 — 2p = 26, i.e. p = 3/4 
and = 1/4. With this choice, and taking £o = 1, we get the lower bound (|5.15|) after the 
application of the min-max principle and by remembering that pi(n, H*) = 0. Notice that we 
have used also the following fact which results from (|3.9p . 

inf ui (a, m, afre); £) < min ( 1 — ain), h (x(k) ) . 

v y V m J 

□ 



Proof of Theorem Let n n be a sequence such that : 



lim K n = +00, 3 ao > : lim a{n n ) = Qo- 
n— >+oc 

Then, thanks to Propositions 15,31 15.41 and the regularity in Theorem 13.11 we get, 

inf fj,i (a, m, ao; £) = 0. 



Therefore, by Theorem 13.71 we should have, 

a.Q = a (a, m) . 

This achieves the proof of Theorem 11.11 thanks to Remark 15.21 



□ 



6 Existence and decay of eigenfunctions 

Let us denote by V the self-adjoint operator associated to the quadratic form (II. 5p when 
k = H = 1. The bottom of the essential spectrum for a Schrodinger operator with electric 
potential is characterized by Persson's Lemma [35J. The proof of Persson's Lemma in [1] can 
be imitated so that we obtain the following characterization of the essential spectrum of V 
(see [291 Theorem 9.4.1]). 

Lemma 6.1. Suppose that f2 C M 2 is bounded. The bottom of the essential spectrum ofV is 
given by, 

inf a css (V) = £(P), 



where, 



E(7>)= sup inf { — ||V F 0[|| 2(R2) +a; 4> £ C^(ft c \ /C), U\\ L 2 



and the upper bound above is taken over all compact sets K, in f2 c . 

Using the above characterization of the essential spectrum, one can obtain the existence 
of eigenfunctions of the operator V[k,H]. 

Proposition 6.2. Let H = Hc 3 (a,m; k). There exists a constant kq > such that, if k> kq, 
then /jW(«,5f) is an eigenvalue of the operator V[n,H\. 

Moreover, ifm > 1, denoting by <j) K a ground state ofV[n, H], then 4> K is exponentially localized 
near the boundary in the following sense, 



3e ,<5e]0,l], 3C>0 

( distfx, d^l) 
exp 



.dist(x, 90) 



exp ( 5 



L 2 



H 1 



Vee]0,£ ], 

< C||0«IL2(R2) 

<Ce- l U K \\ 2 L2 



(6.1) 



Proof. Using Lemma EU we get, thanks to (|2.3Q|K 



inf <r css (P[k, H]) > kH (a^= + —)■ 

\ ti m 

Proposition 15.31 gives on the other hand, 

/i (1) (ft,tf) < (KH)e(K), 

where 

e(n) := inf u\ (a,m,a(K):£) , 



(6.2) 



and lim e(/c) = 0. Therefore, there exist kq > such that, if k > kq, then, 

^(k,H) <infa ess (^[K,i?]), 
and therefore pS l >(K,H) is an eigenvalue. 

We obtain the localization of the ground states via Agmon's technique (cf. [TJ [24]). Let 
us explain briefly the argument. Let $ be a Lipschitz function with compact support. An 
integration by parts yields the following identity, 



Q[k,H] exp 



|V$|exp [ — ) (f>K 



2 

L 2 (n) 





exp - 










+ 


|V$|t 


m 





(6.3) 



2 

L 2 (n c ) 



We denote by, 



$\ , o / k \ k\ / 1 

u = exp l — (p K , p = mm 1 — — , h a— , 7 = max 1, 



H'm H 



m 



Using the lower bound for Q[k,H] in (|5.22p (with p = 1 and 9 = 1/2) and the upper bound 
for ,H) in (|5.9|) . we rewrite (|6.3|) as follows, 



^- e (K)-CCo-7l|V$||i 00(R3) -Ce 1 /2) y, 



£ u\\ 2 



(6.4) 



int,ext 



Ixf^ll 2 , 



bnd 



where, thanks to the choice of p, each Xj is supported in a disk of radius (qE. 
Given an integer N, we choose 



where S G]0, 1] is to be determined, \ is a cut-off function, 

1 



< X < 1, X = 1 i n 



0. 



suppx C [0, 1], 



and $0 is defined by 

&o(x) = max (dist(x, dQ), e) 



Since m > 1, we can choose Co small enough and kq large enough such that, 



There exist also Nq,5o > such that, for N > No and 5 £]0,5q], 

P 



f-7l|V<&|||„ 



> 



Therefor, we can rewrite (16. 4|) as, 



Jr 



M 2 ,|a:|<Af 



exp ^ 



for a constant C > 0. Noticing that the above estimate is uniform with respect to N > No, 
we get (16. 1|) by passing to the limit A?" — ► +oo. The bound on the ff 1 -norm follows now from 
(EHD . □ 

As a result of the decay in (|6.1|) . we get another localization version of the ground states. 

Lemma 6.3. If m > 1, then, given an integer k G N, there exist constants £fc,Cfc > such 
that, for any ground state (p K and e 6]0,£fc], we have, 



\t(z)\ k \4, K (z)\ 2 dz < C k e\ 

\t{z)\ k \{V - ie~ 2 F)Mz)\ 2 dz < C k e k ~ 2 . 



(6.5) 
(6.6) 



Remark 6.4. It would be interesting to analyze the localization of the ground states when 
m < 1. It seems in this case that the ground states should be localized in a compact subset of 
Q, as far as possible of dfl. 



7 Curvature effects and proof of Theorem 11.31 

This section is devoted to the proof of Theorem 11.31 The computations that we shall carry 
are similar to those carried out in pH Sections 10-11]. 
Given a > 0, we shall suppose that, 

m > mo, (7.1) 
where mo > 1 is defined in Theorem 13.171 We denote by, 

a = a(a,m), a = — , H = H*(k), (7.2) 
H 

where H*(k) is defined in (15. 5p and is equal to the upper critical field for large values of k. 
We shall keep the same notations introduced in Section H] In all the proofs, C,Eo will denote 
generic constants independent of e and that may change from line to line. 

Proposition 7.1. With the above hypotheses and notations, there exist constants C,e > 0, 
such that, if e G]0, Eo], then, 

, H) < fii (a, m, a; rj) + C\ (a, m) (« r )max e + Ce 3/2 , (7.3) 

where the function C\(-, •) is defined in |^,^i| ). 



Proof. We construct a trial function inspired by [TJEl]. Let zq £ dil be such that k t (zo 
(^r)max, and suppose that zq = in the (s,t) coordinate system introduced in Subsection 
Define the following quasi-mode, 



u £ (s,t) =e- 5 /% 1/2 (t)f s (e- 1 t) x (t) x f^s), 



(7.4) 



where /g is the first eigenfunction of the operator H[a,m,a;rj\ whose L 2 -norm in R is equal 
to 1. The functions x an d / are as in (I5.10P and (|5.11l) . and ao(t) is defined by : 

a (t) = 1 - tKo, where k := (K r ) max - 

Let us introduce the operator, 

Hi = d t + (t-f}f -f(t-^j). 

Then, using the exponential decay of /g and the choice of gauge in Proposition 12,31 one gets 
(for the detailed calculations, see (2H Proposition 5.4.3]), 



qe,F,n^e) - e- 2 [ (|/^)| 2 + \(t - v)fs(t)\ 2 + K Q e(Hif a )(t) hit)) dt 

JM.+ 

(\fk(t)\ 2 + \(t~ V)fa(t)\ 2 + K0£(fll/s)(t) fa(t)) dt 



< Ce- 1/2 , (7.5) 
< Ce- 1/2 .(7.6) 



An integration by parts yields, thanks to (|3.21l) and (I4,4ip . 

Hi fe(t) h(t) dt + - [ Hi f s (t) fe(t) dt = Ci (a, m) . 

Therefore, (|7.5p and (|7.6|) together with our choice of /a yield the estimate, 

Q[k, H](u e ) — e~ 2 (a, m, a; rj) + Ci (a, m) Ko£ j < Ce -1 / 2 . 
The decay of f$ at infinity also yields, 



\Ue\\ 2 L 2( 



<(7exp(-e~ 1 ), Ve6]0,e ]. 



The application of the min-max principle now achieves the proof of the proposition. 



□ 



Remark 7.2. Using Theorem \4-4l we 9 e -t a better version of the upper bound 17.3)) . 

e 2 fi^(K,H) < bi (a,m) (a - a) +Ci (a, m) (ft r ) max e (7.7) 
+C (e 3/2 + \a-a\ 2 ) , Ve€]0,e ], 



where &i(-,-) andCi(-,-) are defined in M-lCty and {4.1 1\ ) respectively. 

In the next proposition, using the existence of ground states (cf. Proposition 16.21) . we shall 
determine a lower bound for /j,^(k,H). 

Proposition 7.3. Under the above hypotheses and notations, there exist constants C, Eq > 0, 
such that, if e G]0,£o], then, 



e 2 ^ x \k,H) > bi (a,m) (a - a) + Ci {a,m) (K v ) mSLK e - C^' 6 + \a - a\ 2 ). (7.8) 



4/3 



Proof. Let us consider a partition of unity (x 7 - e i/3 ] of M 2 that satisfies : 



1/3 (z)\ 2 = l, Y.\ V ^Mz)\ 2 <Ce- 2 '\ 



.1/3 



,1/3 p 1/3]2 



supp X i)£ l/3 C JE ' +[-£',£ 

We define the following set of indices : 

J r( e ) := {j G su PPXj, e i/3 dist(supp Xj, e i/3, dn) < r(e)}, 

where the number r(e) is defined by : 

,2<5 



(7.9) 
(7.10) 



re = e 



with - < S < -. 
6 ~ ~ 2 



(7.11) 



and the number 8 will be chosen suitably. 

We consider also another scaled partition of unity in R : 



< 



C 



<r(«)(*) + <r(.)(*) = l, W,r(.)(*)U T(e) 

>(e) 



SUppV'O.rCe) C 



20 



+oo 



, SUppV>l, T (e) C 



i = o, i 

r(e) 



-oo, 



10 



(7.12) 



(7.13) 



Notice that, for each j £ "Vfe)' ^ e f unc ti° n ^.^(e) COXj e i/3(sj can be interpreted, by means 
of boundary coordinates, as a function in A/j (cf. (|2.15p ). Moreover, each V , l,r(e)(*)Xj E 1 /3( s }*) 
is supported in a rectangle 



^(j,e) 



+ e 1/3 [x[0, 



-25 r 



near 9f2. The role of 5 is then to control the width of each rectangle K(j,e). 
Let (j) K be an L 2 -normalized ground state of V[k,H] whose existence was shown in Proposi- 
tion El Since <p K decays exponentially away from the boundary, we get, 



< Ce- 2 '\ 



(7.14) 



The proof of (l7~T4l follows actually that of pi Formulas (10.4), (10.5), (10,6)], see [29] 
Proposition 5.5.1]. 

For each j G Jh E y we define a unique point Zj € dQ, by the relation s(zj) = Sj. We denote 
then by Kj = K T (zj), dj(t) = 1 — Kjt, and 



-t\l - -Kj j . 



Let us consider the fc-family of differential operators, 

H eJtk = -e 4 a- l d 2 t ( a] d t ) + (1 + 2 Kj t)(e 2 k - A j ] 
We denote by H^- k the self-adjoint operator on the space 



L 2 (] -e 2S ,e 2S [;aj(t)dt) 



defined by 



j/t.in.n | // . ,./,' ' > • t > 0, 



He ' j ' k \ ±H £ „ k + aa, t<0, 



with domain : 

D{H a ejf) = {uGH l (]-e 2 \e 2S [; u,^ e F 2 (] - e 25 , 0[), 
%£M[ G^ 2 (]0, e 25 [), «'(0 + ) = ^u'(O-)}. 

We introduce : 

toWjf) •■= j£MMB%f)- (7-15) 
Then one gets from (17, 14p the following result, 

s 2 ^(k,H) > ( inf + 0( e V3). (7.16) 



Let us explain briefly how we get (|7.16l) (the details of the calculations are given in [24J, 
Section 11]). We express each term Q[k, ff](V ! i,r(e)Xj ei/s^re) i n boundary coordinates. We 
work with the local choice of gauge given in Proposition 12.31 We expand now all the terms by 
Taylor's Formula near (sj, 0). After controlling the remainder terms, thanks to the exponential 
decay of the ground states away from the boundary, we apply a partial Fourier transformation 
in the tangential variable s and we get finally the desired result (see [29J Proposition 5.5.3]). 
Putting, 

j3 = Kj, £ = —ek, h = e 2 , 
and applying the scaling t = h~ l / 2 t, one gets, 

By applying Theorem 14. dE we finish the proof of the theorem. □ 



Proof of Theorem (TTS It results from ([777]) . (17^8]) and the definition of H*(k), 
bi (a, m) (a — a) + C\ (a, to) (K r ) max e + O [e A ^ + \a — a\ 2 ^j = 0. 

This yields, 

|S — a\ < Ce, 

and consequently, 

H.{K) = -- ~r~ (Q \ m) 3/2 (^) m ax + O(^). 

a b\ {a, to) cr' z 
This achieves the proof of the theorem upon setting, 

Ci(a,-) = "^4 (7-17) 
bi{a, •) 



7 The optimal choice of S which gives a remainder in accordance with l|7.16p is S = 5/12. 
We have to notice also that Ci(a,m) is negative for m > mo. 
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A Proof of Theorem 11.6 



We bring in this appendix the proof of the asymptotics (|1.22p . Notice that the Euler-Lagrange 
equations associated to the functional (ll,20p has a solution (0, A) that satisfies, 

curlA = l, divA = 0inSl, v ■ A = on <9f2, 

and the normal state (0, A) is unique. Define the following eigenvalue, 

X^(5, 7 o;e)= inf (A.l) 
ue-ffH^Wo IMIl 2 (q) 

where, 

qS>iK>(u) = ||(V - ie- 2 A)u\\ 2 L2{n) + AolMli 2(9c) , 
and e = We define the following upper critical field, 

Hc 3 (S, 1o ;k) = M{H > 0; A«(<5, 7o ; e) > k 2 }. 

As for (|5.3|) . we can also show that the critical field, 

H*(6,j ;k)=M{H>0; \V>(8, 7o ; e) = k 2 }, (A.2) 

is equal to the upper critical field for large values of k. Following the generalization of the 
analysis of Helffer-Morame [24] in |30| . we obtain the following asymptotics for X^'(8, 7o;e). 

Proposition A.l. Let H = H*(tt, 5, 70). The following asymptotics holds as e tends 0, 

e 2 A« (5, 70; e) = G (e 2 Ao) (1 + , (A.3) 
where O(-) is defined in 12. 8\) . 

Proof. We split the proof in two steps corresponding to the determination of an upper 

bound and of a lower bound. 

Step 1. Upper bound. 

We establish the following upper bound, 

e 2 A( 1 )(5,7o;e) < 6 (eV 7o ) (1 + o(l)) (e -» 0). (A.4) 

We have two cases to deal with, 

either lime k = +00, or lime k < +00. 

e^o e^o 



Case 1. lime 2 ^ = +00 and 70 > 0. In this case, by the min-max principle and (|2.27p . we 

get, 

e 2 A (1) (<5, 7o ; e) < e 2 fi D (e; fl)<l + Ce 3 . 

We obtain then the upper bound (|A,4|) upon recalling that 6(7) is exponentially close to 1 
when 7 — ► +00 (cf. |30j). 

Case 2. \\m.e 2 n 2 < +00 or 70 < 0. Let r\ := e 2 k s jq. We construct the following quasi-mode 
by means of boundary coordinates (cf. Subsection 12. 2|) . 

u e (s,t) = ^/V^exp f-i^j ^ {e-H) X (t) x / (e^s) , 

where the functions \ an d / are as m fl5.10jl and (15. lip respectively. Then following pHH Proof 

of Proposition 3.1], we get the upper bound (|A,4|) . 

Step 2. Lower bound. 

We establish the following lower bound, 

e 2 \^(5, l0 ;e) > G ((1 - Ce^ 2 )e 2 K 5 ) - Ce^ 2 . (A.5) 

We have, thanks to (l2~35l) . (l2~33l) . (l2~3nD and (l2~3ll (with the choice p = 3/4 and 9 = 1/4), 

^ 70 W > e- 2 (E HxMI 2 + (l - CeW) E^;L K+ (XH - Ce^Wu 

\ int bnd 

where rj = (1 — Ce) _1 r/. Applying the min-max principle, we get the lower bound (IA.5j) . We 
achieve now the proof of the theorem upon recalling the asymptotic behavior of 0(-) (cf. |30j). 

□ 



Lemma A. 2. There exists a unique r/o < such that G(??o) = 0. Moreover, given 70 £ M., 
there exists a unique ^(70) > such that 6(70 • ^(70)) = ^(7o) 2 - 

Proof. The existence and uniqueness of tjq comes from the monotonicity of 0(-) and the 
behavior of G(-) at — 00 (6(7) ~ — 7 2 ). 

Let us define the function h(r]) = 6(70??) — rj 2 . Notice that h(0) = Qq > and h(rj) < for 
all rj > 1. Therefore, thanks to the Intermediate Value Theorem, there exists a solution £(70) 
of /i(^(7o)) = and this solution is in ]0, 1[. Using (12. lip , we get, 

h'(rj) = 7o|</W°)| 2 - 2 V, 
where h'(rj) < in ]0, 1[ if 70 < 0. If 70 > 0, then thanks to the Min-Max Principle, (|2T9j) and 

7or/^ 7( ^(0)| 2 < e( 7o ??) - 6 , 6 < £(70) < 1, 
and consequently, (recall that Oo > \), 

h (rj) < 2i] < 2t] < m Bo 5 1 ■ 

•q V 

Therefore, £(70) is unique. □ 



Proof of Theorem 11.61 Using (|A.2|) and Proposition I A. 11 we have to analyze the limit of 

s 

, „ , 79 as k — > +oo. Let 

P = Hl ? t U I \M/2 ' ( A - 6 ^ 

with < (3 < +oo. Notice that, thanks to ()A.3|) and to the definition of we have the 

following equation, 

K S \ K 



e U g .M)'/* 7 V = aw (1 + ° (1)) as ^+°°- < AJ) 

The above equation gives, thanks to the monotonicity of 0(-) and the definition of r]Q, 

/?7o > m- (A.8) 

Case 1. 5 < 1. 

We show in this case that (3 = 0. Suppose by contradiction that (3 > 0. If (3 < +oo, then, 
thanks to ([A~6l) . 

1 



Substituting in (IA.7|) . we get, 



/:/(,.-] =jpK 25 -\i + o{i)). 



@(/?7o) = ^^ 2(1 - 5) (l + o(l)), 



which is impossible since 5 < 1. If /3 = +oo, then, thanks to (|A.8|) . this case is possible only 
if 70 > 0. Using (IA.7|) . we get, thanks to the decay of 0(-) at +oo, 

l + o(l), 



and consequently, 



K 5 



which is a contradiction since 5 < 1. 
Case g. 5 = 1. 

If /? = +oo, we get a contradiction as in the above case. Therefore, [3 < +oo. Then, combining 
(EOll and (TA~7ll . we get e(/?7 ) = /? 2 . Thus, by LemmaKS (3 = t^o)- 
Case 3. 5 > 1 and 70 > 0. 

It is sufficient to prove that (3 = +00. Suppose by contradiction that (3 < +00. Then, (IA.7j) 
will give H*(k) = k(1 + o(l)) while (|A.6|) will give 

H.(k) = -1^- 1 (1 + (1)), 

which is impossible since 5 > 1. 
Case ^. <5 > 1 and 70 < 0. 

In this case (3 should be finite, thanks to (|A.8|) . We deduce then from (jA.6|) that 

H^) = j 2 ^-\l + o(l)). 
Since 5 > 1, t|A.7|) gives : 6(/?7o) = 0. Therefore, by Lemma fA. 21 [3~/q = r/o- □ 
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